PSC Yo R ¢ [HomeEworKk 1

(Due__9-15-97 )

. The seventh logical cvle of replacement, contrupositiva,

States -h'm+ ,P'-'->? ca L& rria,g_c_gg[ 1}; "zﬁ%"f. (Jse

-hw'f'l« +a“c.r 1o verr'z‘;u flmt ta_all fove _fJa.r.rc‘Ue- Cales, 7’10_

~

tTwo Stmtlments lmve the Some -f-mn"l ln./tl\'—-&:’

2. Uje, *rAe Ip;,:‘cq/ ru/c.]rll 'irr‘brv\' c.qu.\‘; 1o 'Arulve T’L@ -}‘;”awlhj

. rAE.ar@m.
. /A\‘vame
A. p 2r
B B. g = 1r |
(4
e, 1[1gar] 7 V1
L% |
T"Ien £ e &

@

3. Prove DeMoryan'f other law +for sets - YUZ = ?ﬂi

Yz LP'!’ R',. P{ ond T rencesent -f'}-ue wﬁqk Pre-Fzrcnca/

Steoeet TPFCFer&nc&!__ (a_mf_ r'no‘fn'ff:frt’nce oF a voter, 1A,Uvmr,




Q-11=57

_and

XFV C_'—?erV A "’ny—]
/ | =S r rd - T

Pf‘v ve /[ £ R ;5 'f'rnﬁfl"f'ive.C@'f’[\en P iS5 __Transtive,

+ i

5, _Let f X =Y aund A.BEX. Prove ¢
@O FANFB) = F(a\B)
@& 7 cAuB) = £ (A vt ()

@ _pact ©  holds Foc all A and B _cFF _F s 1-1.
Wiz

Cralas

/
6. va@: Tke (‘W'p,B'f‘PnCIJ a Xi'gna (',0-73 of aoi-E'J) R}
egur‘\mlc:w to ¢ £ & r’?on-em'pf)r 5u_f=re+ Y s LaunJeJ

LP(GW’ b kg e 7% T

7. Let xyelR. Prove:

MO _If x_ ;s rational e-‘f*qu b B I I t'onal f'F'F

y 5 rational.

@ Thece, is an_ f'ncre«.n‘n/c refuence._ Xn> of rational

N L:_rf IwcL 'f'zm—f- )(n‘-P X, Lf/ctw:‘:&l, f’llv-ro, 'y

a_decreasing seqvence  L¥,> of rationg | nembecs

Jurc.L T'Aﬁ-f" }/'.; - X,




997

@ £ X<y i-"q_g,n there exists a cational numbec

such  that x<T<y,

n
. DOELI < ndl > CDHVGF}C? (£ Ao, prove . [F o,

_d&man;km e its {r'm."“.

9, Considec f:R->RR defaed L};

P
J ;él- I\f: XZo
'y/{ﬂ)s:
]\ -?-5(; i x<o

Do Svf) JC(X), max ‘F(X], nft 76(?() mn f(?() exff'f? I+ Sa,

;.;lm*f Are 1"4(,:} ? ,} Jc =1 o ownto 7

lg, Con.s;'rjer 1’110.. Sets X_=f£1_l”epr and YZXU {01-

Are T'AE’S( open, closed, o ne;‘f‘l\?.—? E.X‘p/m'n.

il Pravbi 1‘11& m-m::m.l)ereg{ {nm,ﬂo.n"h'on at f’Ae éof'-rom " !’.5_7

of _The_class notes. Give Q_MLVI’G;{EJ_I:A.AJ_MI‘T'I ([() _and

(i) _are teve only foe fate  collections & .
7 Pa e Y g




..... : SRS, £ ok I OO0

1Zs 'Do 'f’zue, 'Fo”ow;hj 'oro_ue‘m_r Frvm Brameore -

2.l0 (3), (4),(5)

3.11_(z, w‘il? +he Firs+ part, i, rhe MJoon\n\ prved )

Y.l (z)

.20 (1)

S.i (1)




KKK
394
AN
A4
VY

g B
=l

LEZ

!‘WP}L
b beth
g gimel
d daleth
h he
W ‘waw
g gimel

hzth
'y ok

Waw

z |zaya

ox

PAAA
hewse !2@5
camel |\
doot [P AA
AREE
hook R
camel NN
HH
hand 12251
hook ;\f V(Y>
i'IZ

Ialﬂuk

beto.
QM

delta

m {
epsr'lw(f g)e
7 (os
digawwvét g

' Gumama.

b “%ta
- (4 aw"‘)

ota 7TQ)

i fof( on (u)
zefn

9Lk

9%k

YY




};SC 403 . Homuwork | 74‘)5’/ —  9r€adf /‘04- Guy @d/L?‘

o [ = ? Dt | = | TP
T T T T T T
T F F T E I F
S A L F T | T
F T F | F = =
5’ I Asgune TP Assumed Pyemise
A ¥ A, l, Modys Ponens
%.17r 2, Double negation
4. 1% B 3 Modus Tollens
577 v r C, DeMorgan’s Low
6. vy C, Double Negdion
73 34, 6, Disjunctue Syllogism
874G 4,7, Cenjunction
7. \~8  Reductio od Abswrdum
é./\/\/e}wwe to show -
Olyvzievnz wd © YNZS[YBE

Let's check ©_ By the definitiom of < we hawe o show (Ve [YUZI)X€YNZ
So consider any Y E[YUE] , By defindtion, Y & YUZ={xeX|xeYuneZ}
So MyervyeZ] By DeMorgan’s Law, [ Y YIA[Y €2 ]
L(,{//}\,ﬁ A a&/iame}ru, Z:/Lf,d can be rewr en 4k |
1&Y A v&7¢
67 a—
7€y A Ye T
Cinally , by definction g &Y 0 -
Since we M!WW\\? shout Y except that o Wax an element of [ Y UZ]
e tan e Unwersal Ceneradization to conchude that f
(Vxelyyz]) Wé?uf/
Whieh gwes us @ T&pmofO](@?;‘WM
\/cl»"
AL R vansitise, (yyx,9,2¢ XX TaRy AyRzT=>xKa)
We nraed té show s (Y, 7,2 €XX [ng /\WPZ]$ 4Pz)
asume - /X, 2£X
( please twn over)




-/ &Pg/\ng

2. LRy n1yRa 14k, 1,y ] bfortim

) [%Ruj/\.?Rz]/\[‘lle*/\‘lley] &/0"»55OC¢M{;@77

4 4R A[W?R«/\‘IZRV)] 3, transitue |
f‘ ')(K_Z A.([?K%; Vv kg}?q] DCMWQWTIG ‘LN/\’; commutation
| 6.,X!Q}/\ T%}Q}( ___,9 Emwbwe

R

ot condetvonal P of
gw?ﬁf\?Pz i%xPz e f mf
5. @ take an arbitrary Y€ f(A) bt Y §£B)  that @5 Y € FCNFB)

O there XM some x €A bt X§ B, such that Y = £)

Stnce X €EANB | 4 € £(ANB)

there fore f (AN F(B) = £(A\B)

@ ke on adbitrany X € £ (AUB) | o onishs & some Y € AUB such thut X =F"(})

T M YEh thn XEFTA) o BEB then xEf7(6)
“Therefme £ 7(AVB) S £ AU f7B) [

ke g aabitrary x € f (AU (B) )
If X €47 then thure exists some Y € A swch that- X=f () J€A, 0 Y€AUB
If X € £7(B) thon there exists e Y € B wch that Y=471(4),9€8, % YEAUB

| thefore £ Q) T(B) < £7cAUB)
f'(AUBY =4 "' (M) Uf " (B) |

O If f is 1-1, tako an arbitiory Y £ A) pt Y € F(B) , that &, ench € §ANLB) Ls
the mage of & wrigur X €A Wt X E B (stheruise Y€ £(8) suek that Y= £(X)
S0 each XEANB has a unique image 4 € {(ANB) | also Y € £ AN f(5)
thorefore £(ANF(B) S £(A\B) holds widh equality for all A and 8 Gfe -l o
If f 8 mat (=1, take an anbitrany Y € £0) but Y &£(B) that i Y € FANFB), there enst
\two or mare X €A but X €B such that Y =f(x) sy they are A, X, o Kpy(msa)
Fov each X €{x, %, -, (m32] S ANB  dhore 35 Heeilsss crage 7 €A\ B)
There fore £ (AXf (8) © £ (A\B) does ot hald with equality for all A sad § if fomt |-|
6. ,Supp&% & non- empty subst Y which 48 bpunded Rbove has g Ssuprermum e have to shew .
of non-endly Subset is bpunded below | if las an wfondim, ‘
Let B=SupY . Then B s the sallest number such chat for amy Y €Y, Y<B )



Let X=§x:x=-Y]3 since for any % €Y,y <B, wﬁvmyocex X z-B

Hence X is brunded belows by - & By 1h conmm Praperty, X has o bargest pper bownd (o7
unfimum) b, %e—lwfé—m/.arwe that—f= — Rdot vre 2.
Sonee——PB-vs—aLewer byund-of X pd b2 c/u: . |

Hkewise e cam prove wafa Woh-e4 ﬁ/ subset Y bonnd, | chove ié T an Wrmm . E
ffzw‘n&»mf 1o rqfwrmﬁ a N - emfe? subset Y bounded below hAs on infunam |

7@[/\/2 e to New two T,/Luyr L’f/;k 2 ratenad ?% /mm%ﬂ( W %fgiid Ydﬁbﬂﬂ/;?‘ % A |
" yatunol and XtY s rafionad , then Y i yadional

() MWNWM# rotvenal

) /L.t P
X—ﬁ {{/*? where ;)p 7 imﬂl/vﬁfzﬁ&rs 0(%‘2:Fz+ Z

6.

Snce Us numapptor omd derominatyr ore ake witergers Y o yatiemal

ek txtontrady &MF—HM&W—’X—H—H—%%—W—M— faboe— X+ ‘;}—e, s—sotienod |
(i) phsume that Y i1 ot ratzenad

Y =l+9)- ?(wWe(%w‘g)W%mM(mmw( %%WW#W@{W%WJ
thes 24 a contradiction HWWMWW{NW /wmt rafrenad Mfaag Y Y mz‘wnu(
(2) Consbruct o sequence (Kn? of ratuonal mw»éam mc/L that //fy\>/¢(,, ,
% edery X ¢ R can. be wWriten as 70 ,c b +(—; 1* +~——) pwhere P c,a f’“‘ m’rmgefnaaup/ Pz/‘ /Fn
owre q/nf@rge/s such thot O<f)ng? s R

NP N A hotey Pn
<%n>ﬁé(ll be constructed as ﬁ p+ o/ ";' pf’ 10 +l01 +I'0§ ,%J "‘Jf‘f'w +(Oz t (o™
m<n ok the terms are futw'ucf |
Pin Lﬂ_ f?” <,_I_.. ¢ g |Dm>._'_,
I et € 70 ,’Je ((r}[xl}(’/ﬂ l')( /Xn[f- h‘IH mm.,, ‘ {1 lo oM ¢

choose N=-~1 nE then ftrﬁunfg m>N~"In ")( /Xh'< m<51

So there 16 om Unereasing sequence <’Xn> of rotional yw.mbers such that Xp—=%X,
L,/(mee e Can prove t/ua‘ WV\O/ 2 a ofawea/wﬂj %ma}. < >/,, gf vateenal fumbers <ich

that Yu —>

PI— Z z" S .
Ot T pt bt Yt 00 8,040 e el lgers
p////zv Jfﬂ "vm () (( { are U'ﬂ"""‘ {/}?’LP?@}‘( 347 ?{' % \‘ g S (i,]
X<d,50 Y- = (g /) 3? L/ = Uf : J_I,bﬁ_-w LY L ;. Li/
Ro? Bl “é 7, bt NG b EAN ” .
f-7 [ “*T’%M,’ M<n, 0 I=X>t >0, ¢4 ratinal
That & X < ’Xf’f <{. W/Wl Y1 pratvmad, X+ 1 aém wratwnal |
Let z=118 , 14 Lt b whore A \
>0 2'“) 7, o - Where MmN Z 44 vatienal ; end | as )((?’ there o)

at least one /)gu,) cf D and [)m cueh thet /) < Int im < ?J

) In

s0 X< E<Y @"li




e SN
(MQCW\I&@%%I To cee thes , ke angy € >0, Md[d/\/—w— fm’ex/&ij?/\l————( |
} ’_((“/VH‘ '\ N'H =& , as 7’570/(4’5&/ _ |

Y _:

v/, ‘ —— = —?:% - 1 y'xff ,_-—-—-~—1
9. sup £ (X) exists, sup £ (%) < | B it |

Mo £OX) cloesnt exist 4 T3 2 21 4 y 2 9
W E€O) exste, inf (X) = O |

m}m{(fx)e/m?s/ts min(x)= o

£ lomdt |- take amf X, 50 fey )= wf;, —X, <o, f(- X)‘KH”\C(?(OB.
{*%Mfoﬂfota/awlg>| there 23 ya X, Wohvhwa(w)>

tO‘ Congider X firet

the eqiente (l > Converges o o)bemlw arg € >0, we tam Bnd an /\}=~5L such f//fw;t-l

ﬁ—yowvxg n >N ,/Xn~o[<&
As o €X for oll 1 ond X, >0, but ®E X, $0 X is nat closed | oo po-
Consider Y

the eqience {-F]L>WV9//§]@S to O 04 above %f?(a[mﬁd
AQ%MQY%MHM‘QV\%C) WOéY WYC«C/uged Not OpF~

H (I)QYV“ CO’P\Q{d‘Z/V'Ci"e wse ﬂC ﬂXk p Mm?t‘ LS X ﬂxz w]nexe X MX Me,bo% C/(osQJ

teke a sequence (X5 im X (X,

Koy closed So g X, € X, gm@uﬂmynéa then X € X,
X l/i(/(oseé{ S0 Xn€X, -ﬁy\/cwu N and &, —=X %%Xéx
so xeX, ﬂleme‘w (7>< ¢ closed

SQWO{ s Suppse ﬂXk LS obogu( there 18 ancther closed set X,
'talee & Sequence <')< N kaﬂ Xy,

L l>/ lfé(ﬁ'%d , S0 X € (n]xk M ond xXp—>% tlzem”Xéka
Kier 1 chosed, 505, ¢ %, o alln and %y =>X, thenke sz
swé@, (N1X,.., , that i n>< ot closed

So Ne vo closed t/f C A)e_notes o Mﬁm_w'j_u;ut‘ﬂr@h of chosed setc.
(O st consider the case ()¢ = (] X, that uX le where X and X, e bovh cfoced

/

f&((Q,O\QQ({(UM/\CQ <’Xn>4,,? X UXK" X, cLoeJ i beve fo batis Xy for Bl

_<‘ v (‘O »{,\y; of

T <.{lecrion

AN, c,(»seél S0 QHCX {,m,n[j[_ﬂ and Xy ==X 171%7(63“
xXeX,&X UX2 that s L/Xku closed

%gbbnd SU/PPJSL Uka (‘/{OS«QO( bk@re W WI\O%EY C(Dﬁ@c( sef XhH
Ic«,Lg O sequamce <Xpy 1 ka UXKH

¢




N . » _ n

K i closed, 50 % € [ X or all 0 ond =% then % € UX,
-. = k={

><'h+l U cloted | $0 4, GX/"\H for all n and %%, then XE Xhﬂ

X GQXKUXN, )%c(l‘ 2 kL-thk U« closed

So JC s thosed of C denote o Fnite colle ctisn of cloted sels, - o+ 2 closef
 But: exomple, when C = {1, JURATUE,4JU 3201, 00) 35 st chosed .

(") Let ﬂC,‘—‘X,ﬂXZ e X, ) X, X, X, are all open sets

%e o X (1€ 50X €X| then thete exits € o such that (2~ €, xte)= X, [1C
'-t,hw 24 M '&Yl,(e' -€@\, XL/ XZ Xn =
So (1€ 45 cpen it it denstes o inite Collectin of open <ot
\ 8%7() Nh@)’))'ﬁ?’f e/yamP[p_J C": {(~0t')lgbn(v0,0,1 I_O))O(/O‘OOIJ l.OO[)‘H-'-i:[OJ I] Y/IS C,(/oSQJ‘
GV Let UC=XUXLS = UXe, %, X, - Xy e ol open <ots o
toke om % €Y, C o X €()C also . then
this s also true oy Xo, Xy oo X,
Se UC & Open Cf C denotes an mbﬁ/mhg collection of Open sels

‘Rﬂcf .ﬂh«,//‘é s &

there exists € >0 such that (x- €, xt£)c X,

Binmore N S ‘

2.0 X (o, 1 i '3 different upper _(90""“‘1‘}.1%@ smallest upper bownd Mcm(fmum__-
|J(O.I) | bownded above {, 33____ o does wot exust )
<./Qo,2]— _bowmfep{ a,bm/e. 2, ‘3, 4 2 9\‘_
(1,02, 53| bounded sbove | 5, 6.7 5 3
(3.00) |umbswnded above | AA R NA
[o11 | bounded above | 1, 2,3 | "_" '_f_ ] (

@ - _ | |
| | 3 doffrent lper bk the Lasgess (oner baund  ind i
0, 1) | bounded below O, -1, -2 o doer not exist
(—00 2] |whbswnded belew | N /A | NAA N A
(102,53 | bowndsd bolow | -1, -2, -3 | - ~ |
(3, 00) bownded below | 3, 2 | 3 does not exust
0,0) | bandd belew | 0, -1, -2 | o | o

&)

(L'X:?(SB o %:4?

nel

3112 Lot P be the statement of xEL, éok": j”;
. ! N t+ -

() When h:ljié%")(‘:#’r'{'x)%f’:(‘f"?(, hence 0y 18 true

(M Asgume Pen) s true ®)|




460 I =1 o8 w—bw,iﬂ

that v, |4 x4 x4+ "= 12X ;*’
|_
ch %yk_ l"/XmH + y i-XM"t-XnH‘/XWﬂ |- ,X(mn)ﬂ
e N % T a

So Vf P (a) 25 true, then Pin+yy 28 true
This Wvlo[efes the PYOO{. _
< n F > 0) .
1ere eALST iml\/%ohﬁj%*@_@rwt ______aéwcwgh>/\/, {% H<E
()Mh—ulrmm—aﬂ],WIl'xn “]‘1@
U Ao, bt g'= 6N, gwenomy g0
there exists am N such that for amy n > [\ Xy-1d| <€’ s0 A==l s h->0a
Zf7\< 0, ket E,:’_—€)\)%MMV‘9£'7O
there exists an N cuch that fov amyg n > I, ’7\7(»1'/\[{ <£/) SON X, —Al 8 n>co
FA=0,A%s=0, M =0,0—=0 saay, =l s n—>00

2 2 - -3
nh+ln*+2 |+ '+2n 1+0+to0
4’.20() = - ) — :—ZL 04§ n-=>00

2n*+9 2+9n? 2+0
From the definitien of comvergente =1, 222 af n—=>00 40, , N3 Oln‘i—->0 GA N=> (2

Hezme by combination theorem (+Tn™"+2n = [+ Ex0+2x0 =] asn->ao
QLW[MU/J ) 2+9 n'x—-él-kaO:ﬁQ a8 n—=>co

T he vesult then Gollows Frem Combinatim theorem(ii) :;” »% o nx oo (provided vhat m+#0)

Sl 1§ n>m,{/><y,—~?<m]:,9<h—’xh_.+9<n,'~’)<,ﬂ,2+~-+-’>(mﬂ—>(,,,|
é"xn‘j’xn% T"Xnﬂ—?(h—z’ﬂ’)(n-z'%q,*““""Xmu“?(m’
S oo et AT =M (gt ot )
= P K
Ljf'E he awe g | ML e
e > 0 be gwen Lf\w@e N <o [.Mqu ghat -2 N <¢
Hwen , (:D‘f 6‘-/)’1/'{(] n >N WAA a.fmﬂ m >N -
N
/X';" r.xn\ < L <%
1% ‘ |~ &

Thws <X,> 48 a Wag &%ctznca,Thm\%ve,bg thervem 519 i Binmore |, it converges.
[iX(Wﬁe: <‘?n>:<ﬁ>) A/_V’\">®0 Gvs o —> 00 but )m "Am-;'O o4 N =00




7-15-97
PsC 403 yomework 2
- (e _t0-2-97) .

Pro ve ¢

, O 1K ad T ore bounded sibsers oF B rhen
i'.!. XY o es bewnded.
| iy (£ .C s e ﬁm’f-a_,,,co(/eoﬂon of compact
|1 _sets. _thea UCE Cﬂ fs__compoct -

1 i IF_E i an aréli'rnr? colleeron_ of .. vt
. Sets _7_‘!1.(?-1 nt s .C.amf.ac*-

|
|r . — - . : o
| |

Ii; 2. Give _an ,,_e_zgmpf,,e.mpf, ;_,o_g.__c_e_m/a.a_twj_cr;,J:Aa,:f:h,a;r,,__nﬂa 1

T‘ _t:_g_.v_-_&/ o a 'ﬁ_‘m’?‘e_ vl of c«(a.rej “n fzrv_mf.{, Nore : e
w A@m R In/ — fv‘_,c.(o;,.e(/. Mmterval ,” A _L\clv_o( e C % al p "‘//‘ ‘c L

.! of T’/‘C Same. _z’lu\«y_e}_i%}_ S,oa- ﬁh re _set+ _of . n w:v-l&rJ g

1 ‘ _waovl »( ot _be _gaf_\_,_‘e\.a(..&zu ate _ B}M@//ﬂ-.. S

f
i |
{ 3. S«p/m;e fiR->IR_ is jffmi-ly Laereasig, ol et
. f © fIR) =R Le ) f'Ae Ool‘r&jﬂana/lh‘j raverse Funerion.

; Frv ve | f'Lq s .,,,,,,,,_,!,’,-L ,,ftﬂfof!,},, rthereeas f.r.Lj., ] e e ———

: }{ ¢, lex Fi X=IR _and 9. X=IR_be contthvovs Funcoons,

Il and _deFme rhe new Fimenon hi X- R« Fellowss

jl‘ h(x)= max 3 £, 903, _Prove_that o5 contimosuen
Use this result. tv prove that the “absolure valve

Fvn(,ﬁ\op\ ‘ (x { s contMMyoous,



5, I F f and 3 are differentielle  and ”l(x):Mﬁxf,f(X),g(x)}.
for all x

p (s L\ nece rf,am'/ 7 ~ o/f‘ffgcgmh‘,a,” C._Z ,P/yvvaor_- S

’“ﬂ/’(j « covn’l-tr,ez(&wr/e. I = R e

Let X, x ond let LYu> be o _L,,qsm.a(e,e(___;_e_z vence.
,Vu;_?—‘ f’lle Som/wnch T'Leor‘em (lg/mom; T'Lm Y,[a) t

L prove 1*‘1&1-/ . o B o

(x - X) Y, = O I

7. Do the ﬂl!ow[nj, exercires fromm Bmirmore.

CedS (1), Bl STy G AT V1D O i oo oo

vse thim le.9 ___oy,x_«__,i’,lx.cr,ﬁ,qng_), 1o./] /22_/‘ 1e.15(5), . .

/HR-A ¢ U S S —

i
all
R
il

3 e TLE ‘Efluuawj exercrses Fromm  Swnon & Blvw\g,_ .
201 Fad the m.!-u-s-. of th followsisy flatives et an rbigrary poit - 2) =7%% D3’ ¢) 3 ‘”‘J? @”( 7””“7* R

2.1, 2,02, 2,9, 3,

— A v V2 =
|

T; _____ — - s - s —— e )
b= - = — ——— — = e e —— = - = ==
|

L — _—

i

|

|

8 I = R S e ==F5 —
|

I



t and that f and g are

) %)=

)8’ (x0);
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Fx)9

roof of part f is listed as
ried out for fractions & in

e the derivatives of some

X)

- 1)(4x° — 8)

¢ — 24x% — 48x + §,
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1)?
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[2.5] DIFFERENTIABILITY AND CONTINUITY 29

EXERCISES

2.10 a) Use the geometric definition of the derivative to prove that the derivative of a
constant function is 0 everywhere and the derivative of f(x) = mx is f'(x) = m

for all x.
b) Use the method of the proof of Theorem 2.2 to prove that the derivative of x> is

3x? and the derivative of x* is 4x°.
2.11 /Find the derivative of the following functions at an arbitrary point:

ay —7x, b) 12x77
¢) 3x7%2, d) 1Jx,
; €) 3x2 - 9x + Tx¥5 = 3x'2, ) 4 - 342
' g) (2 + 1) + 3x +2), By (' + x7')(4x - 3J%),
~x—1 . X
) x+1 7 x2+1
| k) (° — 3x%), 0 S(° — 6x% + 3x)*3,

m) (x> + 2x)3(4x + 5)%

/2 2\ Find the equation of the tangent line to the graph of the given function for the

.-~ specified value of x. [Hint: Given a point on a line and the slope of the line, one can
construct the equation of the line.]

a) f(x)=x% x =3; b) f(x) =x/(x*+2), xp=1

2.13 Prove parts a and b of Theorem 2.4.
« 2.14) In Theorem 2. 3, we proved that the derivative of y = x* is y’ = kx*~! for all positive N 0, ?’:

integers k. Use the Quotient Rule, Theorem 2.4d, to extend this result to negative
integers k.

e T ey i iV T TR,

2.5 DIFFERENTIABILITY AND CONTINUITY

As we saw in Section 2.3, a function f is differentiable at xy if, geometrically

speaking, its graph has a tangent line at (xo, f(xp)), or analytically speaking, the
limit

exists and is the same for every sequence {#,} which converges to 0. If a function
is differentiable at every point xq in its domain D, we say that the function is
differentiable. Only functions whose graphs are “smooth curves” have tangent
lines everywhere; in fact, mathematicians commonly use the word “smooth” in
place of the word “differentiable.”
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f* positive f' negative f' positive
f increasing f decreasing f increasing

A summary of first derivative information for f(x) = x* — 3x.

Since it is easy to compute, you should include the y-intercept (0, f (0)) on the
graph of f as you sketch it. The y-intercept for the function in Example 3.1 is
the origin (0, 0). Occasionally, it is straightforward to calculate the .«.H.Enao%ﬁ of
f, the places where f(x) = 0. When this calculation is simple, plot these points
on the graph too. For the cubic function in Example 3.1, the x-intercepts are the

solutions of f(x) = x(x* ~ 3) = 0, namely x = —/3, 0, +./3.

The graph of f(x) = x> — 3x.

EXERCISES
3.1 Use the techniques of this section to sketch the graphs of the following functions:

a) ¥+ 3x b) x* — 8x> + 18x— 11, c) wku +9x + 3
d)y x" — 7x, e) x*?, ) 25 —3x% + 2.

3.2 Write out the corresponding argument for part b of Theorem 3.1.

3

v w—

-y

VR .

et T

RARCRb ot | bl e al e

[3.2] SECOND_DERIVATIVES AND CONVEXITY 4=

3.2 SECOND DERIVATIVES AND CONVEXITY

Frequently, we need to know more about the shape of the graph than where it ic
increasing and where it is decreasing. Consider, for example, a production functior
y = f(x), a good example of a function which is naturally increasing. The rate
of increase for a production function varies with the number x of workers. Al
first, the additional output that each new worker adds to the production process
increases as specialization and cooperation take place. However, after the gains
from specialization are achieved, the additional output per new worker slows
down and eventually declines as workers compete for limited space and resources.
Figure 3.4 shows the graph of such a production function. Note that it is increasin g
for all x. However, for x between 0 and a, its slope (the marginal product of labor)
is increasing too; for x bigger than a, the slope decreases as x increases.

Y

A vpypical production function.

Learning curves, which relate amount learned to time elapsed, often have
graphs shaped like that of Figure 3.4. Amount learned per unit time — the slope of
the curve — is high at first and increasing. However, as the task becomes learned
or as the learner’s mind reaches its capacity to hold more data, the rate of learning
begins to drop.

For x € (0, a) in Figure 3.4, the slope of f'(x) is an increasing function. By
Theorem 3.2, the derivative of £/, f/(x), is nonnegative there: f”(x) = 0 on (0, a).
Forx > g in Figure 3.4, ' is a decreasing function of x; 80 f”(x) = 0 on (g, ).
A differentiable function f for which f"(x) = 0 on an interval / (so that fis
increasing on /) is said to be concave up on /. A differentiable function f for
which f”(x) =< 0 on an interval 1 (so that f' is decreasing on I) is said to be
concave down on /. g

An increasing function can be concave up-or concave dows on its interval of
increase. These two cases are illustrated in Figure 3.5. Figure 3.6 shows how a
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( Dve m—zy—??')

Optimi zati'on

l. A _consumer s olma.r;‘ng ﬂQﬂ—‘ﬂﬂ?gﬁV& ameovntr,
Say x_and y, of two goods. A chorce, denoted
(x,y), s colled a (0N L 1201 éggégg’ o .r,\/h'ﬂ/?

bendle The set of lundles is Ry > IR, , where

M&t&f_ﬂé_ﬁ_’u’m&gdﬁb’ﬁ real num_&,r-r-

The consumers preferences are cepresented by a

Uﬁ/r’f}v fonction  u: Ry x Ry — IR, T hat s, (xy) s

better rhan (xiy’) Ff _ul(xy) > ulx.y’).

Let  f: u(Rex

p{‘ovr_. r'lm-f- _')["u alfo reprerents T‘l? consvimerk

Pr@F&rﬂnceI What if 1( (s 1‘;4(/‘(*‘6.!4):/5 [_u_‘t‘ not

I!PIefrnf'I'(g )‘tr-‘cf[y ?

2, Suln'nare/ 't’l'\ﬁ, Consemer’s uﬁ'/f?'/v Funcnon  is

wixy) = x"yf

where & _and P _are fixed, positive reql num bers,

(i) Show -f‘La-F We can, withovt loss of yenerqlg'rj;

assume 0L A< and p= -, That s, fond _a uh'/[il-:;
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f 4

f’Laf’ TL& Conrfurieér

Mmust Consime ron -~

{ti' ) R(‘Cq”l\n}.

hegmHv& amounts of f"/le ;ﬂt{_l‘_.

what va/v&r of x s

EL]g con Svme o ,p,“augd +o C‘AQOJ‘Q in t!:g {_:ed;g:,e,J 'amé/em

of  part i) !

(iv) Care 'Ful/’vln f,\\ gf___q_s‘ olution +2 1"A e redfvced /_rné/&m 5
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resvly  of :'nfer-o-fmrl}:'n_a} rthe firs+ two columns of A.
What is EA ?

g.l'

S-J'mo-n -+ B’V?“‘lﬂ?
and
i

Exercises  R.15 (p172), 228 (p.173),

F e 5:e,+ this far _in cla.r.g. 7.13 ('p.i?e:).




PSC403 Hmak # 4 Jovd

HOl(3,-4, ¢ -olI:J%:;:zL)_?gﬁ :(:b‘ ¥J;T
G682, -3t 21,1, DI=l4,0, N = [4 1 o 4 o> = 7

@6, 2,-3) = (2,-4, 30 =14, 6 - 6)=/4"+ ¢ *+(—¢)" ;Jg—g =2/
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Guo GAMGW

X; |
2 Take (%,0,0) 10 K> . Take Y= (5.9, Ys) e
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’X.':/XL whach s ‘perpwm‘cww to XU X,
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ECMMTO{”{'M\,M as E has | coumans while Chas 2 rows

[x2 t2x0 X3 t2x(-1) |x|42%2 2 1 L
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December 13, 1997

PSC 403: MATHEMATICAL MODELLING
FINAL EXAM

The exam, worth a total of 180 points, is divided into three parts: defini-
tions, calculation problems, and proofs. The weights of the different sections
are listed below and indicate (what I think would be) reasonable allotments
of time to them. The problems in a given section will have equal weight.

One notational reminder: I use R, to denote the set of non-negative
real numbers and R7 to denote the set of vectors in R™ with non-negative
coordinates.

If you get stuck on one part of a question, move on and try to finish
as much of the question as you can. It goes without saying, I suppose, but
show all your work! And good luck!

1. Definitions. (25pt.s) Give precise mathematical descriptions of the
following concepts and results.

1.1 Let f denote a function mapping a set X to another set Y. What does
it mean for f to be 1-17

1.2 What does it mean for a subset X C R to be compact?
1.3 Let f : ® — R. What does it mean for f to be concave?
1.4 State the Mean Value Theorem.

1.5 Given f : ™ — R, what does it mean for f to be linear?

1.6 Given a vector z € R™, what is the definition of ||z||? How do we
define B(z)? '

1.7 What does it mean for a sequence (z*) of vectors in " to converge to
a vector z?

1.8 Given f : R® — R and a vector £ € R", what does it mean for f to be
differentiable at z?



2. Calculations. (80pt.s) Complete all the problems of this section.

2.1 Define the following matrices.

3 -1 2 0 g 112

A=) 1 0 -4 4 B =
=% 1 3 =B —2 -2 2
0 1 3

What are AB and |AB|? What do you conclude about the rank of

AB?

2.2 (a) The uniform distribution is given by the density function,

(b)

1 .
_ b—a lf a S T S b
9(z) { 0 otherwise,

where a and b are real numbers with @ < b. Calculate the ex-
pected value of a uniformly distributed random variable: that is,

find
(o]
/ tg(t)dt.
—00
Recall the exponential distribution is given by the density func-

tion,

Le—s/A itz >0
_ € if x >
f(z) { 0 ifz<o,

where A is some fixed positive real number. Calculate the ex-
pected value of an exponentially distributed random variable:
that is, find

/ : ££(2) dt.

(You will need to use L’'Hépital’s rule: given two differentiable
functions of one variable, say F and G,

/
. Fz) " F'(z) )

=% Gla) ~ # Gi(a)




2.3 Consider the problem of maximizing or minimizing f(z,y) = —z2 —y2

subject to the constraint that z+y = 1. Set up the Lagrangian for this
problem, and find the critical point of the Lagrangian. We didn’t talk
about second order conditions for constrained optimization problems,
but can you tell whether this point is a global maximizer or minimizer
of f subject to z +y =17

2.4 Consider a community of 100 voters, numbered from 1 to 100. Voters

consume just two goods: a commonly enjoyed good (like police pro-
tection), denoted z, and a privately consumed good, denoted y. To
denote a specific voter’s consumption of the private good, say the ith

voter, we add the subscript i to y, like this: ¥i. Each voter has an
income of 1000 dollars.

Voter i’s preferences over (z,7;) bundles are represented by a utility
function u;(z,y;) = 2% + y;, where 0 < a; < 1. The commonly
consumed good, z, costs one dollar per unit, which the community
must raise by taxing its members. Let’s say the cost of providing
z units is divided evenly: each consumer i pays g5 dollars in taxes
and can spend her remaining income on the private good. That is, if =
units are provided by the community, voter ¢ consumes y; = 1000 — 160
units of the private good.

(a) Substitute the above expression for y; into voter 7's utility func-

tion to get her utility in terms of z alone. Verify that this function
of z is concave on R,.

(b) Calculate voter i’s ideal level of the commonly consumed good
(meaning, the amount of z that the voter would choose for the
community, if she had her way).

To make things simple, let’s assume there are only three types of
voters: those with a; = 1/2, those with o; = 1/3, and those with
o; = 1/4. There are 45, 30, and 25 voters of each type, respectively.

Imagine that the community holds a majority rule election to decide
how much of the commonly consumed good to buy. There two can-
didates, who only care about winning the election, and each publicly
commits to a level of the good that he will purchase for the community
if elected. Once the candidates have chosen their positions, the voters
cast their ballots for the candidate whose position they like most.




(c) How much of the commonly consumed good would you expect to
be provided?

3. Proofs. (75pt.s) Complete all of the problems in this section.

3.1 Prove by induction that n? = 3"2_, (2k — 1).

3.2 Let f: R — R satisfy the following condition. There exists a number

¢ > 0 such that, for all 2,y € R, |f(z) — f(y)| < c|z — y|. Prove that
f is continuous. How would things change if f were a function of n
variables rather than just one?

3.3 Consider the following system of linear equations.

o121+t T, = Y

n1ZL + + QpnZn = Y

Argue that if the system always has a solution (meaning, it has a
solution no matter what y1,...,y, are), then it always has a unique
solution. How would you go about finding it?

3.4 Consider three vectors z,y,z € R" and any € > 0. Prove that z €
B¢/y(z) and y € B, /2(x) imply y € Be(z). (Drawing a picture for the
n = 2 case may help.)

3.5 Assume f: R" — R is differentiable at z. Prove that the slope of f at
z in the direction of steepest ascent is ||V £ (z)|].

THE END. Congratulations on finishing the test, and have a great winter
break!




