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W pair (X,y) 5. A way of ,_[fﬁgzﬂihj,w..tfacﬂl,@._..V,O_TE...,tM./O.

TAM?J and féejr, qn:/e,.r. - ,.77:.\/.)‘, ) .._/_P.Qﬂ as bve

I !Cn Ot .,le.e,”H.‘mej. Zovite [._,,_ axis .. Cecres, ,0.46/41,7“,0., f’l& 7FI*F4'+
. 7

b compenent and. 7“40’ vertvcal axis Cofr&ffano/-f 7o T’Ac

B kil
- ’ . second, we com uwie (xy) +o denore a point en
! o fz;_.e. . Cactesian, p/nne, ..TW‘" ".ﬂ} Z’Af-f ':l_cavn(/,. _we
B think of the Cacterian plane  ar the set
) 1] of all ordered pers of real numibers.

b )
** k" \
fn

(¥ r-'°""?‘;"i‘l 1\'
nr*“"“ 2

[L‘ = An ord{z.reaf_ '.'l'r_‘h"ﬂ,e-, .{9:9_._.C?S,,.)t_-l_,-_-_-.__‘es_”_>_/ce.g-,o_.r.. R

xn

L]

— il ;‘men;r'o_na.}_... Evc[{a(ea.u_ space es r{e_ Jedf o"[

._._.{ert(er_zo(_ﬂ;*m.///a;_of f‘eﬁLf .fzrr.m.ge.cr_. W’e, a/enor‘e (

by R (Note  rhet R'=R, _and Q> 05 the

__ Cactesian ,e.f.omc ,) Elements o F_ _IR“. are vecltwrs,

o e w1 e

= __(f Tée ,!.’!:/_m,l)_c_n_;__rl_w/lr .__zao(efxfaoz/,,,‘ we fmu; Mﬁzﬁtc‘,,,r/}n//.\/

e . 'FD( (x,,_x:l_-_t:_.?ﬁ,‘ :)_,._ S _/Bf (y,,)fl ST, ), BTx.

= E"_-"_fl'_‘f‘f M-/R'_m‘:\__ f__&__éfepictga( al__fo ‘nls _°h fA‘ . _Ca& _/_

. /fﬂ@, and peiats mﬂ?j Can -_.Le__e(_e/)_t_‘_ctcf_f,,,ax‘_._,_/,e/tmtr,‘._,A

l‘n,,‘r[u Cactesian //ane, ; ﬁo/hi—,r,,___;h. ) /727 can a,/fo

Tre C./_(,, af _VL__T'/I 1)17.[*___%.6../, . 7.‘?4_&1@ A_Qﬁ{ef..f-, —— WQ . .o{e %7”& ——

/115



. B T TN e A L T Yy T e e S g g A g T S A S e N
...... Ce s ce e e d s w TSN D CWE L IO B PO ERE S SRR SRR GRS S TR

1t

5o}
ie a/?pf‘cf-c(/ 7.’«//!4‘6»\//9, e /mw ohe axis
/ioiA'f’Mj “UVT ‘me TA'« /6176_”

W

Points in /)?V or Af;l;er Can't be a/e/[cfea/ jm/éic.allg.
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() X4y = yitX

(i) (xty)+2 = X+ (y+2)

(1) xX+0 = %X

{iv) x4+ (-1)x =0

(v) “(px) = (4p) x

(vi) l'x = x
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= N H N
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— Given o set Ix,x%-. x™F SR" of vectors (aote

"f’Lm'f” -rLc. D.m!exaf are Mo J‘upzrfcr.“ﬁh’3 T’ﬁe Shen :)F
) L Vi —

fx\ . x"} is the set Jenoted spanfx'- x"F_  of

linear _combinations of X' x7--. x™, le.,

Sp4n fx'.. k™3 = g °‘|Xf+“'+°<m><m, Ky, g °~’m€|P—%.

— Nopte! (i) spmn'{e',ef,.. et = "

(i) __span $x3 is the line ')”'Aravg}’; X.

frr l
(i spon Ixi x" 3 € spanfxi... x7 x""'F,

— Letting n=2, spanf (2,12, (39)3=IRT To see TA;'J! take

0M7 a(s(x__.x;:)ef'k’z and solve

D(f.f‘z-/f)-f' 0(3__(3,!'() = (%, XL)'.
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(2, £, )+ (63 o9 )= (%, X5),
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2oy + 3o, = X,
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Y x,— 3% TR =T
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9 >
= Se foe we have seen span fe''.e"t=R" a~d

span (=0, (3,'-1’)?={f?7} and __pore :
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Sfar’l_{ (o), (o.1), (2,,0:)} =R, but now x=(%,%)
Clin € written aJt o Mméar m Sinativen  in Moy
b ‘+te lin COp hinat ,
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= 2 (20) + %, (01)
and
X X (
e . 3 (,0) + = 7'/")_*__?_‘_7_(02*)
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linear camé_[ag'ﬂ-on of T-lle O‘T'Ztef‘.f 4 re s T’éerc. xS+

D(:r 0(-‘._-_.«--" d‘ru:‘ not Q!I ?"er—é'; rVC'L T‘Lo‘l*

77\8 set s linearlu /‘rm[g[_e@-* pa £’ s ot
— = —L=

li.ﬂﬂ.’\ f'{; c{etie-nd{ﬁh 4.
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Ly (21) + 2,(3.4) = o
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r'mfﬂ‘r‘ﬂ; £, =0, and TAEM P('. “o.
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(n“'.‘f)) = -IZ (Z’IG)-

TA.‘; Tvrasr ovt+  TJeo

{(1,0)/ (o.1), (1,,0)3 s !r‘negr/:; o(e_/;..mgfeﬂ*,. Since

distin chipa.
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- T}’learem f"-rl The
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= ! -~ 1 . ™
K= &) X o r-ct oL, X ,;B;?{.-f- .-flﬁ..,x,

buv op#fy bor
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fe

‘
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o By g P x5
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feots )
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Now _suppose £x'.. x™3 o Imearly degendeni, so

rAerc exift oy, .0 X, not all
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"
— A se+ XER" s g« subspace iof, for all meN, all

Lyserp e €MR, pnd afl  x) .o x"eX, o,x'tet oty X"€ X,

!n wOrw(-f, it e.ver? {f'nﬂmr c.am!uha_'n‘on otc elements

LA X (£ in X a

— Cl\ec_k: £ X and Y arc Iv‘l}qace!{, so v XYl

= [, /}ZZr 103 and R® itself are ,\‘vLJ‘tﬂﬁceJ"‘ and, Foc every

xeRY rhe line TLlrouJ:.L 0 aad x i3 e subspace — and

T'j\erc are  nqg o'r"\err

N 0 not o

e T/ [T svbspace

/\\ Iv;r(ace |~ Suirrfuu. /// //
/ . 7/ N i

A
A

i
Y 2
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il & X__‘E__ifﬂ.ﬂ fK'{.r--, XMA}_ and __{x') o, X"} s /r‘nearf;

f_na(e’.qenafenf T‘Lpn we  call f_xf, XM} w basis for

X,

- TL«J, 9?’?6#1 A La:n‘.r $or X, we can Wwrite e-/emewf—;

of X as unigue linear conmbinatrons of The bagir

Vecturs.

"
~ A5 e have seen, f€,...e"3 is a basu for IR

a~d _f(?‘f");f_.a',"f‘)} o e L"U‘r‘.f For .IRZ. WAg'f* e

a Lajr'f for T'lle. lize -r-Lrw;Z O  amd 'x? ;X},

Note that 50203 (3403 and Te,e®} are borh bases

for ﬂal (Io a_ Jset can  have more ‘I‘imh sne basis )"

o d -rlne_;, "‘l&\\/f— 1"119, Jame nvm;e-r uf e(ﬂme-nﬁ" T}l;‘f

-

S  no Ceoracidence.,

= T[neor‘em B

() X s a /fnear Ic/l.r'pﬂce AF l\a.; a Laur_r_

()  IF  §x e, X has a distiver elemeats  and s a

éa;\'i)‘ for X and '57'11&} has £ destinct

&!Gmeﬂ 15 mmn(‘ S & éﬂ_{_r-r 'Ft;r X(- 'f’zeh m = %.

(i) [F §x'...x"} is o baris e X  ond

spaa {y, oykl= X rhen B zm (asreminsg

)(‘.-- K”‘ are _ﬂé‘j 1 irCA M(J ’}‘"" yk alt df!ﬂﬂ(i'f)_,_

= Pruv‘/ omithed.
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= T[nu‘ i X i a J’y,é{_fﬁcel, e A_q} a .’panJ; emd

all _its daresr have TAe. Joame ﬁvm_éer:, say c{,, e/emenf:.

We. call d vhe disencion of X

h
- Siace IR hos a Lan‘J wirh n e/emem:r. name-/}q

{e’,---, e"i (4 /MI a_/r"men.r/o*v egva/ Teo n (ﬂi yon

would expect.

= A5 w Oah'Seguewc,r, of !mr'-f (r}}:) of r‘lre ,ﬁrdceo&;l} Téewtm,,

it takes ot leas+ o vectors 4o  span a d- dimeasional

svéjlp_q_ce .

- A’Mlicgtfan +o let@ml of m linear e?}va'hbru . n_ vnknowns:

homoﬁvuqu

noh-»b\ow\oj&""/”'J
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- T/peoﬂ’«mi £ Ix' . x™3 is o se+ o]c m ,_J;T_J_ti'_hc(i ve. ctocrs

_and 4 Y Y )’_'i?___s'_ff)&_f'\_{ i _’<_M__3. s & Set of Krm

vrz(ri_tm.at VecC trs __T_'LLE-:A_ _Ty"“)!" _.‘_:___{;mrfg ofef&m{&-ﬂf‘.

f ! I
Y = o x'+ + ot x™M
4 T A
},"‘: A, x' e b L X
1
},'"’L’-z PN SIS M 3
< e
bd = .,(' x' £ - 4 x"

{

W;WAAUJ— [ass v}C ﬁ@—ﬂ&rm Ir'f'g . e  (ann AL S g & o,

TA@M

{ [

ul s, ot
% .—:+g'=:)’I“- 5;)(1‘---"' “/.:'X

oy 7

bl Sygmam § %% ™Y & sdan fyl ke %Y [ Chaele #har.)
Li L ¥ LY r
T his, vy spom fy’,'.xﬁ---x'“}' Qe

2 | "~
Y = By + F X7‘+---+‘.€,..,>< -

[£ "ﬁz",ﬁs"“",. =0 ‘rl‘l,@h }fL 05 e (mear combiaton

L)

af }x" ond e are 0(9nc.. C)({\GJWHE, Sv'ﬂlﬂ.a.!{ »-;FQW-:L
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Loss of ﬁ&aﬂ:ﬁlﬂ:? flal- Pt O [ Aea

' I ]
xt: #F'?l-y'l f /JEE-:YL-. %‘x?_——---‘ ,'9/1";!_,( 7

fvge S o Syly> xlsss x"}, €.,

x5 e R then ).r; is o lnear combmatron

iers
ot }rl ool ,72'; nd e are done., @ﬂé’nﬂwaa—tr Jvapose

withoud fgss uf :’uw—uv(..f—:} ‘l‘&\a‘!’ ¥ EO.

‘ﬂry.f_tjn‘(f v g!ayg (-ﬁ)rme\”a' . IAOJIJ vie gm (e Ny

L7 L on 4= Ifww. ). et lelfin &
/ A o o

] he arg vimen +

S spom Ty x*...x™%

("(?W\a f K' -'-)(mT

= S
- Jtﬂmzy',y?}xz--' x } S 4 Sfpan s‘)’:'}‘l"',)’mj

attec m steps. [Pyt e y " & sprm {yle.y™3, so

?}'f---,"’rw'% andd I’MM {y'wy“y s /!‘\e.arl.q
t =7 [ 7 ¥ U d
i

depon ozt .
' y
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o(=>('+... 4 pe}_wx"" = o .
Sm} o(E fo. Byt TLIE-\A Xﬁ" Coan ée, wrild4e e o £
xg’— 1. xR 4 & o0-x’
JEth
ano(
%,
= o-xbly T i
T
w-{r'c[q ace cﬂ{-‘lnr{; J“ﬁ‘mﬁ /me.ar c-ow'!"haﬂ*;th. ’///
(fmes)
i
.‘--"’-_-_-—
n
= A Se + XE’R (s ﬂff :vévrﬂace— r"pl, 'E?r' :-ﬂ.” MGN, all
Ly iy €M, and oll Xy . x"eX, ox'+.t p x"€ X.
! 13 !n wOrg(.r_,_ :"FI e_ver;: (:'ncf,.r wméf'h_a“h'o_n aF__ f_l?men-f..r
e'f *M . ; h.
o X i i X
s¢
b 7
4 cer

— Checle : -\-ht X omd Y gc&_mérrpamx thea  Xa¥Y. is a .ruél‘g

103 and (R® itself ace sibspaces, aud, for every

?(Eﬂff 1"AL line 'f'i‘lrayv?L O _aad x i

a IULIfGCﬂ — and
T’Aere are ne o'r'l\err

/ ‘ "\ not o
A ot e /AT Svbspace
/ "‘;v&rlace |~ subspace %ZL}
< > 5 / _;

— ,

~ ln R__fo3, R® lires

anol ﬂxﬂﬂti Télruvql. o arC J‘uéf/}ﬁce_r.
L JP / r
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freYod 7&_}_ eer oo e

seX
e

e G‘iuﬁ

A .FX = Span. { K',.r-*,, x" 3 and Bt v M Fn i /.r'ne:ar-[;

;'no(efae..g{en-f _+hew we call Axle, x"} w basis doc

.9

= .TLu.t, givc:ﬂ s bazis foe X,

we  can write eflements

atc X (293 un.'cﬁve [wear COMé'-}?ﬁ‘f"MﬂJ af T'z\e Lﬁf:‘f
veéctucor.
— As e l’l-mfe feewn, {5;---, e-"} is a basis for Rn,.

and (20, (2,4)3 s« baris for IRT What i

a éa::‘f for T’LeL f:‘ne 'f’Llrovl?l 0 _and X? {x},

Note that $(2,0) (39)3 end fel,e*l are botl  bases

'IC;N_HB—L (f" a_Set can  have more TLag, d’!e_éq.rij)',

amz{ -rLler Lmvt. 'f"[le Jame hvméer cnr zlamen'rr TA:'J’

iS5 no Cc)/‘ncfolenc,e.

22 TAeorcm A

(') For all —sibspaces X € IR” avd all x|.-- x™ e X
' {){",.. K_"“} r oA LaJ‘g'} ﬁr )( :7[:7[ ;‘rf-

5
4

5 o maximal -fr'ncqr'f:? f‘“na{?fﬂeﬁo(en'f SULI'E-I'

f“lF K,,_ :‘.e.r, - s £ /Jhé.ﬂ.(’[? r'hyél—rﬂ_&nﬂ,&v;__-r Ma(

there r po [.f’hcx'r.-;f? 'f.pn(?-f&ﬂJCﬂ‘f‘ SUL:'fc,'l- af

X .“-]—.L more _elemients.

(H) ﬂ'n;'?‘b«a 5a-re.r of Su'LiifJaof- 7( I!‘\Ve Tlne Same

A NVA4%) Lﬂ_f____af_e.lﬁm entff.

fﬂ'?) X irs 4 svﬂf'ﬂncc ;-;f*f s /m_r & ;a_r,‘:.




X<R"
[ . !
TG/(Q oy X € X such that X Fo
T}/uzm {X'ZS AR (12 w@/w/,m},w
(([ Sfja/‘“{xtj =X wt're done N N
l{ no 1, There 26 sgmy € X uch that™ X éf 9/00‘/" %X’f , Phen {Xixzf . "U/VWZ’// VV\‘&WWW‘
Whey 7 Suppose 801,64, such that of X'+, X =0
{,( 0<1:o/7‘:0 , %v{Lj; 0
Tl'-lk.r:ﬁ.’\” - = / -L\e xlé S'PE\/Y\{Xla
IE spon 1, x fo X were done :
etk gpan (4 K] {3 0 8 e by adspeadont

4 F 1] 3 —_—
ot o X XX 0

= b ot torRIMLL HiaTe nan ly epe : |

H[ 1,(, did/a&ﬁuj A “'_.;_:H.iji I Wi r " l_l)(z/ Xh, )(VH‘!E U/luA/’ Llj wd"’f)(}nﬂulmf.

5w{€l)”‘/€/ﬁ5 s AWW/)(IW\'A’( L(/’Wv"éf] (/\"’]dibfukd,eld de

Puopositio o
opo "

D The vank of {YI)XL, xm} <M e, the dinen gipm 07/ gpan {x\x’ X S

oot Lot {39 Y0 e & maimal. Lieatly indepondsnt subset of {x!xs, 3™
‘f 3(i.'r{"‘f’- then { [ 24 Cotens {"u; |"'a'|<{£’.’)E"r"-(-f“."fl 4
Swnce {6 e, X" finite there hay 1o be @ biggest [ inanly indepondent stbsct.
l"‘-'-'"' ,. .!x‘.\:,. iy A N Y‘h}
¢ b I,; .
. [,{/;\g,z',‘lj [nr:‘l,(l/;ui,\,{'g,‘f g"/((f/.is'("-'_ u“l‘p‘ ](,‘X'; ‘ﬁ o ),\/ Wg

e ee thar {0 e v )N f 0 binely indopendent suppoce A%, %, i@y € ot ol zero suchehut
Cpst e sy Dregyi=o  Lepo

})M -U(‘Q/n Xk QSPWH iy{/ \/l) “\_, ij(

(2) Sonte $X 1o X3 S opamylytoe ¥} amd Spanfylyl oy isa subepece,
Span §x, X0 K" Espan Lyl i

’
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PSC Y52
- TAU_;" A X /Jd & Iyér‘ﬂﬁce’, ks Aq; G ga;r‘_r: omd
_g” s ;aJ'eJ AaV& T’Ae Some nvméér. Say e, E{emenf.r.
We call d tvhe dimention of X.
h ¥
= Sr'n(;c, /R AAJ’ @ Lq;iJ’ wrfA 1 E/EMBHTJ‘" nam_g/;
S‘{tor" Se,..,e"f i+ has dimension egwaf 1o n (RJ youn
0 £
0? 0
Q% ‘A\"“ 5-_1‘\' wau-"df ex ;;ec-g) Z
/\W‘r' "} % d 4
A ' )
\a‘+ 3
.‘U’“'W“’L or
Y - :
.‘g'f‘g?" - A5 & consequence. of _pact (i) of the ,;N‘Cced,m; TAemzm,,
AoV &
o e W )
\‘:ﬁ X i+ takes o1 leas+ d _vectors 4o span 4 d- dimeasicaal
«
.l ,+.
™ AT bace.
P I R 1
PO
< f td.‘.’
R
Se t e . h .

‘ _J“‘f;r/‘— [he roank of -f’('.xz"»"(mf} S T’Ae dimensrion of
:ww 4 T v = e g ya¥F.
e\ Shtn XL X% e KV F,

- \ |
— Ap{alffhhbh' o f)fo'eMI of [ihear &?Vﬂﬁ\aﬂr.- Con;ro{er
m e?""tﬁ‘bﬂf tny N V"'I"Ch-ﬂwh_lj Xppozz X . &5 Le{aw)
Ay Ky 4+ By Xy + + Ay X, =Y
Agp X+ d,\ X, + £ RopKpg——= _Ya
4} x + 4 Ko + ta £ S
Ty L] Li = - LLARA] 7 Ty

(4

W’Aere. Mg iE & fixed real nvm!ve-r’. foztim, Rsie.n.
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FsC Y2

A ¢ A Nt

— e cay TL:\-’L of (0 Uy A ) .t M-

Vect - La ﬂ? » nfriting ‘f'!‘ S vectitsy ”:} fue CROL

J
f=r... n Tlle. G[.ovﬁ S?r 5 4en 6{: e(lmbhnr s

/a-“\ /4 \ [%1n \ [vi \

Ay, | Xy ¢ [ R I xe 4 4] % | x, = |

- L ]

|
| 21| | mo /| | o | Yo |

== Thus, Tia r}rrhvm of E‘iﬂua'h\:mj Luaj a fc{uﬂon

T+ (Y, Yo oo Ym ) is & /r'-hdﬁr Gamﬁlhﬁﬁw vf

Fd

(o, 6 - @&, ) - fa 4, ,--a D). Aad

74 LV v . T L2 o B LEAN al L4

T
rli iS5 _meanc

" i [ g\ T, S
Y 1 I
/Y"'\ € Span{ fﬁzr\. (mzn \Z .
Y . o
TRl | ] Tt

= J'F (V,,yg‘--y‘; :):o we _call 'fLL iyjf'rn o'[ e‘gvaﬁ\onx

ADMOQCK&OUI
i o

= Pf“v{)ohhbni Ed_r 2N me\og}enc..ou: SYStema o'F (:ﬁe.rnr

equa higw £,

i) e solution a‘wo\.’y.r exists, ng\mc{g X, = X=X, 70,

(:'a"} rA& et c1r ;n{urian; s A rvir'pacc..

(1) C&h{g%mf-[?’ eFrLe( l"Lcrt (s cxa_gtl%; one soluhoa

\/ﬂllc 2€reo ja{Uﬁ\?ﬂ) or leere are f'nﬁhf'..ts’-_(;.,_*,
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— Note There s e’(«cf"? one solution o FF r'!‘chC(/'f‘Drf

'(Q-’“ ) i (a!ﬂ ) are (Mco.rf?'-m@aiemh \//»\ ﬁ‘-oﬂ

'
A 7
Nt \ G n

rﬁ,‘: s rhe d’egh-'?-»‘on a“F f;"ne.@r thg_{gge.ndentu._)

- Note: Tl'n‘nk ALOV']' I’JLG\“" 11+ peansd Yo, -rLe. sySten

n'F equ_ad‘v‘am +n o\’ww{; Lave @ Iolv'f'f_oit y rn€ﬂvn;nc.
U W L2 J'

teo "‘\a.vt [} Sn,l.'h\nn For . all (’,V:,(Y: LI oY ). ,'f“ meand
m
+-L-n+ eVEn;a fwl'n'!‘ in IR (5 In rLe S én ot
. i@ A" al.n ) —_—
TLe. * colyman _ vectors /i ’) / L ]Lq-f (5,
l\ qﬁ'l! U dan/ of

= Na#:. f’/\q-} e.varg In’hear WMgi\nr\,h'bn of 1‘Lu colunmn

m . ;
vectoes (5 in .{R’ Jo rlxc r«éove fnclusi'on Le«wvnw

or e‘ivTVh'%i"lM
)] d7

!-
I'G\'\I(E-(:
LA

— WNore ! IF -r’jlc Sys teim ﬁ/wa_;r Ao".'r c,xar.r% me fo(vﬂ_ﬂh’ 1’4%

n 2 -
(" ‘)"‘ (5") are. /f‘ne‘nrf;; ika(‘-'ﬂhq,o{@n-f and Lpan /RM Tzerﬂfum,

g o/

‘flJe.re_ are _m _of rAe.m,, So_ _M=n, /v‘* € Gtn as_(;_c.a_éf_ féawn f'lmf'

T’iﬁ. 0 | vecturs, (Q._lf'" q’j’n‘)’. Ld # ‘(q'n:,- e a“'ﬂ"r ){4 ﬁre /t'.ﬂeéll_(;l th—MP‘”M'F!
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Proposition :

am Sy Stenn of ltnear equations
A w ' 3 i
(1) ranlk ?{2; .‘ [?M)‘S < -“F‘F T’Lert’. 'y fome
T e T \Awn 7 7 b
- (?'u ¥y {\r,.,.\ Lo :NLf'rJL T’Le.ﬁf 's no soluhion
(ify —n<m  inplies there 1y come (EPEVARISV tor
) wLFoL fLef{_ 'L no solution.
- “n @ -
== (1) ranlc ;{5: ).---:/:'M)? = F and t-lhl"\ of, 'E.r_a“
UGy / Bl N PR . J i
f}f Vo i y_""')/ o fa [enbn  exists.
a @
“If:] Nn=m &\v\(! i-{ ':" \ < ( ."m .)? /r_near'/'ﬂ -“nd(?.ﬂentF(E‘ﬂ.‘{' 1"P
‘-\Quﬂf' '\ﬁﬂn;} [ 1

MlJ -_971’? r‘ﬁ ‘Er a”

Corpstipccs Your)
T T 7 7

Tl':ere, s

A zhg‘guv.

Sofu-h‘em ') T’L;L r;;H-@m of P?uhﬂ!ﬂﬂf.

Ay Atn
— Note how (i) Follows from (i) ok (L) ()3 0

ﬂn&f

h < nn

yield e Au-I-C.C.Q:Je.VL'T' of

, 7 \ ﬁﬁln

P(‘ulﬁaf_}-h‘nn : Given o systesm ol m [near es nnvons
w;'-i"lq h vnlcnowns oad ﬁf"éf‘frn I""V/'j (7: rec Yoa )f le’*
! y h L
X 5”2 9(C/ha'?“— 1‘Aﬂ. set  of Io{UT)"pMJ‘ ta T’Aﬁ
Corcp stnJmﬁ sy 3d€ns of La-maﬁe-neo.x_r eguﬁ.hms,
ay X, + 0t Ain Xn = O
’ '
Ko Ay + + Qm‘? X, =
L " d g 4
G 3¢ 6/.7? eraste  An solyhion 4o The oriated
7

£y HChn o F Pguahbnl.




2o

Psc Y02

[i) A 15 4 ;uérpa(e:, =

(?!'] W /s A ra!uﬂ‘on to f'Ae c-ra'?hqq/ f,y)'f'c-m-. of

ﬂzuﬂ'ﬁ‘oni iff f‘l-ere ExiSts XEX ruo[ r[\«'f‘

w= Z+tXx.

o= TL us, "f’Ag/ ;uis;mcc. of  solutions  to sze JyStemn of
}\omoae-wpouj CguAlagn s awnd 4 sing /(, solunon  of r’Aa
s [ A

original __cyStcin _are QﬂQ”?L ) de terpine all In/uﬁbﬂ_f
' 7/ VN

J
of T’L-L orr“;u%a..’ sy § .

- EYKWF/P “

e

12X, + Y4 x,

|
-
Ny

3 x, + 6 X,

Note "-FLmt '-E=(5,§) is 4 solubbon 1w 'f'lm‘.: D %

«Ff P?Jbéﬂ_‘ﬂﬂr- Anaf (xuxz.) solves f’tlc Co(rﬂfi,fsw\atv'ﬁj

f;'Sf‘eﬂ-\ of Aﬂmﬂf@_&uui_c%mn_wwr,

lxl‘ + !{Xg

{
1C

ad X = -2 X, A (K,,X.j FJ_omn 'P“Le. line

C—Ahnc.ohhﬁ (2, 1) ‘?"L\e ecran. Grt-'aln:t.a.”?J

‘)’lu_ Sitva b iz al L&(ﬂw .
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(3

LR

PsCYo3 B - .
A a_ solutvon v
Yl Nl the ocgmal
L fyj'l"fn-u
< -—t-' 'r T i 1 Ll Al ;‘ -
L ¥ ?\
25‘[VhVnJﬁ
l"-wm',emcovl
eq‘vur-fvns
3
1\7\1\ q” JOIV'h\OWJ
R
T il Sy 3tenn
2 T SN —>\\
: }I.‘!l.'
T i
= H'ow Chin  we g0 gLouf Eﬁne{g;;_‘.ﬂ f’A.e, Ja/vﬁﬂu 2 4 —‘(yIme
.,.&*9’0 oF -‘e.%_u:-h'-h‘ﬂf'? ”'m-r‘s wkerc, malr) X representamons
of — \ bt ussdid.
‘\ue('df/ - A matrix ry a4 Fﬁc‘fwu‘gv[nr arcey) rl[ real nva..l.crz,
0\:
P\"' ) If it _hes p cows amd n colums, e mfjé%
O(Q/MQ'FQ s
Qe Ay - A n
A { oy Qp, Azn
\aﬂqf ﬂ' WA a
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. C—eomer'f‘l‘y of _@V\

(o o/m«of—e 4(

s up_cua_,_cLF e Vecior Ke_(EV‘

— TLI@ -'[l"m:’rf’é{

% ﬂxl! ond _ defed /v;.
[[x] = d‘xf-k Xo d ot X,
AN
\\1.\\ (T‘;r)‘ megs’t r'Ae, posirive soumare oot n'F xz+x_:'+ . K,L-\
RIS g el ' 7
A ~*
T
| 1
?*’%_A‘W — MNote '_f‘é(.,-"‘ 1'116 ?a(ea of  “verm” wlizes the idea of
BT A ; (
:/y € absslute valve . Ther 5, f  xeR rhew  llxl =[x/
W
P
o
“\\T qVﬂ 2 . 2 u
\ﬁ.‘\'\’ = /—‘r[mr, nerm  n IR I's ConsSistent wth ?—Lxe. F;rf*é_@_}mm
14
Ttm.or-fw ,
(=
i7 B CRIE i T oF T WG~ B TR e e e i b
o P P SRRy -
/ ? o ="\ x>t X2
)
Z / :‘ J 5 I
= L] rad |
| B 5%

o il

B el (ST esd i i

P x._),en?':

Proposition :

sy Jlax |l = Ll (Xl
) I xll=o -dffF rx=o,
Gl L%yl E Xl Wyl '

(2

v&/t'?—n. s
v, :

: ~ i rf.-_ -*pd’r'-l—‘ (i)

." '.I"‘

—rAe notion

'grmaf; a-c:

rlmf— rlu-, slmmen- J;_r_tm_e:__ée.mw_-bd

‘ T
fotnds  [S a .rtm_lﬁs‘ ne..
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—V

% /7- Xty C/ea/{;; M xty ) ‘:fon-u};u
= /X |
< -

- TAe, J:‘me_og_m +wo _ vecters x and R s _ﬂx-yu.

Note 1hay fx=yll = Il y=xl

1\ X . | gy defin (tion,

d 3
~
R v+ (X-y) = %X
" 7 7 r g 4
"\‘ N
/ &5 xn;; I E 1":&
s piny s JmAeJ_ vector
TV . T T T R | R ke RS ) SRR I e el S
\4 _ to the [efr
: - .l
e Tlfl& (nne.c ‘nme;- (or Jmcﬁ) of x'.}z_&f}?_h L,
S s e i G M SRS ol al e Fvae Sl b
BTt O e T Ve R
e AT S 3 S B 7 e P ,'7, .3-}“'-__ 2
! ] ? ,--."'-"' { =\ . N a< 4 \
Pl o\ i i, o X, y? B XNt Ky Yo e d XY
.'\.7"'_'_\: wl' g Ly = LI e -7 & rmrr
MJ\(F n
. L - ;
ot s : ¢ ¥ i
2 1 2 S cp"
emitll] -ro'ﬂa.flh‘nn-: for all ‘--o(';'.'(?e:!g.' '-Qma{ all ){_,{Y,%_é lR_,
SR AR~ RRROR TIPS Sa
/ Y il 14 » ].‘-.
i 9 -
4 #o | 0
-E T ] __\._‘
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= Nn-f—e, ‘P’L\ﬁ‘P pm.ﬂ* @?) o7 P -be_ Lmkea fmto Twge

pa e =4

@) <kx,y> = oL<xy2

(b)  <xby 2> = <x, Z23Ly,27.

~ lets check ?"’Zm;a’-' oA, To see (a) hote +hat
3 'Fﬂ 17 a

C KXy = (ox Yy 4 (X )y vt (XX, )y,

L Y i | L} T

L= o((x,y., + Xy Yot oo ¥ Xy, )

T : T PRt A e TR o
it 'IQ‘.-.:' s B ! ;‘:""'I‘%;;Er";‘;;‘? ':‘“:_*n"“l.gh‘;:t‘l' 5 ";-‘_‘_;_:"l!:- ¥

= & (X,’v)'.

To see (b)), ﬁzo.m-ﬁfr{e#

7 H

D X ) r e Yy )P
v T L3 7 =7 = 2 Dl A |

LB Z5. R 8, S P RopZpt Yo Fg e X Ty 4, 2
y i‘:: __.(xf,:%) + (;,‘;.)
TOT i Ty ook : 2 v 7
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— Ths ?}eneﬂa’f%c; '-qu wival natlon of
: ' el
i pecpen dicular —ness., (_I'A/l—.aj’,r the word For rhis’ )
i —
d [ hat £5, for x.y€ lf% (x,y2=0 fF rhe.
) vectprs, viewed af AQrrows ore pgcgg.aoi.‘r_g;gf.
il - 2
X — o see +h if, +alke auy X, fvelR F the fmgicf
f ‘Jﬂf’w’c&v\ x Q-’Lr/( T R | 0‘,'
N 7
i b Aty =x+B=Fo' jaglies
| % b5 ¥ A R T 3
: “E\ y=p and P8 = <+ pL=90
: \ xz__.— ? x
: /_L. |"m'§’:‘e}‘ A=4. !Aemﬁ)re,
'i / ‘
i s pY-a £l 5 -r*L,e. "-f“rt‘M? les  Foemed +
Y : %y
I
$1_ -1‘“112, /e-F-'l'- are 5?m:7qr
i : S . l _,‘g‘__'__ :;,C Ik ,;‘;\.;-". .\‘ ‘:E{;‘» ,_"«. A 4%3&1% AP “‘*‘u 1sf';}__£-.‘- o
== Tm:njlmh'hg rAe' -rrmm-./ !‘IGI"E s some. C;-o sucl i SO £ AN
T‘l\o\“r
(PN
-':/') ) N \ : : V, = C. K, i £
] ) /p\ \ ::-:“;'-' § ;_.: . . ¥ :'JJ
i \ o7 ¥ - . , T
| l ks b\ 5\
; . -
§, ‘X [ LEn
i e .. .
Yi :
é : e X, Xyt C X Xy T,

LUKy X e =
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o .Proioos (tion :

: For all

LS 1’Le (acu'fc.;)
o\n?{e éef'we.em

<X, y2 = lxll llyll cose.

- 'n sketel 'r»(g. acgum et for RD Take any Xy eR™
LA V\{.A de‘Fl\der
e = r_ A
X' = gy X aund VAT )
W ll)'f! I'§
Note T'Lm'f‘ %' and v ore unit+ vectors.
! ; - Ro-l-a{-e, =’ res
R L )’o”f s TR NG R ar R T Al e ‘
/ -quf aAgr/ef ée—l—we,ma Lem' So
/ ': -rtna-f— x’ is _Anr‘r’Ean_taI_ Dh.'a
i
_/(d | Sk o lwe aLn wil 1o x. Cgll
0 é s X 3
--r-'Lo. poiat _-'w"lw,cg, it it fLe.
4 e

7 = |2l %,

since x 7 [s.a vnid  vector.

/q’hdf,. IS:}:_Q:._

x’ M!yf are vnit vectors,

cosoc =l ZI '-.Nou,.
yt+ (2=y) and <{Z-y, x')=o

7

Zz= =

a

I s . } ' -
f,
(2,52 = Kyt 2y, Xy = Lyp> + 2oy XD = <Xy

/

Cince 2=l x) —C2ox'>= Uzl X x> = 2] <D

S




73).4

3
Then [xU=t implies O<><:x’7 =1, Comém.‘n} o, @,

and G, Nzl = <x4y'), Therefore  cos = = {x,y"2.

anr\f!{g, nete f"l\a'f'

L] [] ]
cos=<x;y'r=qun X, T )2 = .?.‘—'—‘,E,,"}.u {x.y2,

4 iy W

wL?ol\ +el]s VRS <,>g.;.r> = Xl Myl cos e-

= pmri—:‘cvlar, o X Mfl.rj): are vnil vectors theun _ _

:<x,}o7=CDJ' K. As e have. JeCun, (X,;.r?:o exa::i—f;;.

Wllt”n CoS ot :(), :‘.e., Pa ﬂ(‘lnd( /V ﬂuﬂtﬁ_ﬁ_ﬁ.ﬂwt‘_.’

No t-e 'f'£1e+ (x,:/? (r I‘L}L.-.rf wLen CosKX=1, zlc,,

A=0. /n of’zpr worrjr, ‘_w’éem o X ﬂa4 ,Y Are wact

1P R

o, el e m sl :
s ¥ o AT, N L '.T.-" e ‘.‘?__ ,'.?]
i ‘{_I

vectors, x.y? is wa Ximaized when X=y

- fpro{mn'h‘mﬁ (7719_ Caub‘xy‘_j’ﬁé.mﬁﬁ% ’nﬁsuﬂ’ﬂy): <x'}'>$“x" ﬂ'v“ .»

= f)rcajpoff'f’i\an_{ the 7:-1‘4\0191& ln

— froof: Note -f'lm-}:,. us’f.a}q the Ca-uaég_—_.[ritmr-f-? fnpgaqlf-l-f}', Lol

z
[xtyll =Xy, X4y = {x,x7+ 24X, y2 + <puy2:

£ x> + ’lﬂxlf-ll}/'ﬂ- + <y, y2 = Ui 4 21 x1l ll};ll + Ilyll".“

T v : e
= (Uil e lyll) 2 s ut il

5 B

’r

Ta /({Mj_'j%mar& roo"f’,f,- Il % 4‘}!” £ Ixi + ll}fﬂ /4




132

PSC 403

= A Ve (o xe/{Z“ Cbinn Le 'f'Low.LiL- o:c a.c

A matrix

X,
wff'[\ N _rMwds mmd ohe (,olumv-\ (/; ] Or  4.u &
Xa

mafri x wH’L one _row g

na LnIuhnu_.r /x: rrs x,.‘)
- ] s

F}
¥

Je’ﬂe'hfl“’;'lj ol wLe-f‘l\o.r we weile it \re.rh’“c-q”:f or Lof;%h_zl_?-

= Givea two matrices, A and i, L&;WEM'

fﬂ';l m x

{T[u fie + nmmgpr- W r&_ nmlJ_L__n,f_an.r'.

‘!"LL Jﬁcme_( (4 TA.E AVh.LLr of Gulvw\n$>_. Jeﬁi\c

[ 45, e Buptby, )
A+l = / . : ,
k\ ﬁm-#é,,,, T Apa+ b !/

— (iven a  pixn

ad i x A amg{ A ﬂxi__ maf | X

_ Xp it . 212 R o v e g
> x:’\/; )’. (c€., & wclor in lfﬁ: detme
]

/L‘t Se €3 ﬁ,n \ {XI\ /'(“n""m)'()hm "-\) \

A ( N , . - (YRR e B C TR N
x = 2 ' i

. =

¢ [4
T L3

e ———— "
N e

Y'ﬁ I \ fqh a‘,""j.(x_,__x_) /

\

Awp -+ Gma [

al"l' xl 1" ga’: xz o+ - ."r afrr )"‘! \

lop X, # Byy Xo oot Ay X

M

- 5
z /

Ay X+ Ay Xyt -0 & Aupyp X,-,/

y nuff Ax 15 a

' ™M
m x 1 matlriX, 1.8., « Vector in IR .
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_ P5CY02 _
~  Note 'r[mf rhe Sy L Htn of [mear egmﬁ‘oﬂr,
Ay %) F o+ Pip X = Y
R Lol
Can f’L [N ée C’M,"ao.”/;‘ er'f"f'ep\ A .3 ;,}” WA
/ ‘1"\' — 'A‘ \
S NP i ()
A = ‘ ! ; E ” Mrﬂ (Y = " a
4m¢ = Omn Xn Jm
—  (civeu an MxXu  pratriX A amd an nxh matrix g_.
JF'E'VLQ. METrix my fh\lo(a‘c«ﬁ*vn L Y
Y
/ a,( [7// + a., Lz, oot Xn bh, “’ul’ +- mA,h_ Ay é’ﬁ-*"' t4&n bﬂft
Ay by + Az byy bt by A byt et A bna A 2L Q2 by 4 ot Bendnp i
A'{s = 2 ] v

[ _ .
l‘ | . | . .

- ta, b By b oo sapop b

ﬂ,d, AB s a Mxlg matri X, T-n];'-r 4&15)1@& s more

eas;lw Aﬁm F weé 4reﬁ/C 44 vp % 7] “C-a/vm.n v‘e.o‘f-urr,”
b % whece

o
n
7 ~~
~ :""
\-._- —
g
N
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—_—
aee 3
~
~L A
g
™
L\
—
L
N
A=
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We can write B: (!3‘ L-L éﬁ"). ﬂen'

(AF_ AL . Abt),
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{ . . :
wAene, Ab 3 UWS'P' ‘mvh---"v’-'zaﬁbn ! of A ;? A

oo(uuu Fay v e (j'h)f’

defmed _an pe 132,
e wll _jzl-. P, Ab & a mxl

@ecwl rl\q-f/

rmatri X

Ls

[Veof'ﬂf ), S,:‘nt_c,

AB A@_r ﬂ fucL Co{umn £, 45

o('\MPn.f'iOn i mX )%

= A X matc) X s SguUgqre ,")r Mm=p .
.—D——

= Matrix mv)rf'z:’:gh\gﬂ Acf:nevf aéou,;

5‘10&:‘\!: J o £

$J\Hr{lﬂrlrh‘fi‘- w:’?'L mu/ff:ali‘c;lﬂ\o;n of Avimbers .

]:a‘r-i tly
Nwd’

For all o WEE -rAe,re: L € an nxEn l”a(tnh‘h pwraTri X If

d
—

AGF.M'&J ;\;

Q@O r
(]
G

. !
~
N

Q) ---
o]

'SUOL -f'LAJr

@ Fur Q” m X n maf-ra}.e: A,

AL = A

om d

@) F:;r all

hxt  matocer B,L
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Secothl.{ i1 sahThes f‘[u: -R{f«JWi;ij laws

= A+ (B+c)
¢ 7

() (A+8)+cC =
@) (AB)c = A(Bc)
(i) A+8 = B+A
(v) A(B+c ) = AR + AC
)y (A4B)C = AC + BC.
- For EXMJ/&;
2 s 3

- b
7

L0 (Eae) L)

Coh'ﬁ\rw\.hj @ DV‘\.Q{ (n;!‘_).
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— Matrix mu‘f‘f‘y':‘tnh‘an 5 diffecent Froem mu}_f;“ohCmﬁ,bh

oF nw\nLer: Dw. several :‘}n’mof'fm.f lnma!. F;*r)’f', s

e s ¥
(£ not peverally commuytative, ice.
NN~ J 7 7 7
AB =04
5 Aot gmm”? ot /r‘tc!?ﬁ’,(!, '+ would not even

munlce sense tp fwrite frl..: ualess A and B were

5’.*&_1‘23._“"‘6."’£IIGJ; Jm; nxn. f)’wf— eyﬁu__den i (x

Ao ?wm/(; Trye ?(:m— e.xﬁm—'a/e',

[ s N[5 5

N~
[
w

|

\q
=
RS
L' AN

oo

)
ENEY/ VAN FRYCEY

’ : \— " .

[‘3*8 =30 +16 \ 7 [ 18+s Z'1+-lo\

"
A
o~
1
fJ
%

v
<

k-'B -2 5oy
N

{7_6 -w\ | [23, 3y

)
k"’"‘/ 4 k‘! 7/.

.g,@Cana'r a qr.ln'f-rnrg matrix A m.g? ne + L.av*e- e

A
" - . (f . f‘lj
MU[!""E/J‘C.ﬁ‘f'iVC- rnven'e, (eCe ere ma:; ge_ no

— 7

matrix B J‘voéj; 1’!\54— AR =TI or BA =T

— |f _ABR= I, PO g r?gﬁﬁ- javerse of A. £
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CA=TLT, we call <€ a lef+ fnverre oFf A

= pra!)OS"‘ﬁ‘Gh (TLM .5 ond Llewna &1 rF Sdanan & g’w—:r.):

ff B [ rrjzt'f mverse of A el E s o
left iaverse of A EB=C.

I
g

=~ PnruFl Note rL«+ CA=T. \\pn.ﬁ-’mﬂfr“n{ﬂfn‘j . La“‘e rrv(e.f

L;, 8{, (caA)B =178 =8. 37 Gifocra ivity, C(AB)= 3.

Smce AB=T, C=CT=C(AB)=R. ' V7,

= Th-u::;; o A A&‘J: (2% lef  amd rr:ﬁAf mverse, —rAe},
W ane sl The Same., deoted A—’. Infe call

"“-T'A?IJ‘ T"L.l& avelre a‘F A.., M.( we 5"Lﬂ;} A‘ iy ;n\fﬁr‘hv.‘z-tc.

-~

= p e .’ i
gy, : ! 3 ; 7 ( : =F . Sy
,_f r 11 A7 S e S P h . £ i LI sty o o AN [

7

— £ A s r'n'"ver“hjzle.’. the £ystens Ax=zy of liveacr
o lway? -1
é%u_aﬁoﬂj. ‘A hoas _a {:ﬂ‘lf_i_& Jolvﬁbn’. ngmef;/, A v Is

7

see 1'[\?{. ‘ fate T‘Lq*

/’\(A"'y) = (AA_“)y =Ty =y,

Y A

e it (s :‘nJeeal [ Jo{uﬁom. A‘J‘o, f.rl.«a'.-uu-e, X 1Ta Sfume

£

Sutvhkﬁn Tllgh AK =?f. 3 . \\f)rc.“ﬂnd’ﬁ‘ﬁ’lal-mj

-t
l.'vu A P I & ac{
7 r

4

&

x = Lix:= (A A)x = A_‘(A x.) =A-'y.
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— Pmpq_::‘ﬁ‘m: A is invertible rF_F_, Foe all g T:éa

Sys$ e Ax= > L ad A__vm‘_ﬁ &,JALu_ﬁ\vn..

- pﬁnﬂ 1’\/& m!‘t '/l('u(?-f T‘L-- = d{r"r_gcr‘r"vn. Now i‘v'n;!n;{.

A\‘x={y ﬁfwa\.,v; Aa..r @ !o(uh‘am /n p_@.r-rl‘cv{:\r: Ax:c',,

. o ‘ . c
w)\er‘e e.'=/?\ LM 8 ra{vh‘ﬂn,. _J_ﬂ? c' = /5' \.

\i/ i/

{/’|ﬂ+ i, AC:=C.' for (=l...mm, Le'f‘-l'fnb\

C=(c'... c'") denote the nxm  mateix wirh columns

[

¢ e have

T

Al= A(c'...e")= ("C"" Ac™ )= (e..e™)= T,

TLP!‘E{;J‘I’.’ C. s & c;‘?L-i— inverie, llle_ Exiltence a‘F

o leFr tversre s & lit#le  Tericleier, |  noted on --;./za

that Ax=;; a/ww);.r Anwha N vm‘?ug solunon impleed
r’juz roi véafbrr af A are mearhﬂ wﬂﬂf T‘th f‘ée—

(A%

Trwvuaa_.m of A, denored AT (ee Simon & Blume pe151),

ﬁ{Jo L\'\J A ri‘}ﬂd{‘ r'nve.r.l‘c’. :8'. .r‘—d-l, ATB--" = Bv-{-

‘f'lle,m /gTA-'-'ﬂl Lo BT NP s o /E‘)Cﬁ“ [aveérie a‘)c A.

TA-;)’, A IS ia Veff"?‘gle. //

77

= Geco!l.nr‘,’H det A be mxn.,. '-T.L\en A e inverwhle o Ff

_'ELQ.__QD!VM!\ V&C»T'PFI’_‘.QQ:F‘.A -I Qare o ....é_a..f:'.!‘ 'R:.!‘ )IJEM ‘[W/”'CA

?mﬂ.r‘.e; -.fh':n'. -',e.,. A s S‘?;uare. )- : -
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- 1 £ A s .‘Averrn‘ue_,. We.  Cown ac,‘i’va”ﬂ cgfcu’af-e
_ /‘\'/.’ Once thatts done., 7"1{.& solution s A‘I;u
Oﬂ;‘l(xr::i..},w §a/v;\qj for A" can le ‘ag;w'#e ﬁ‘ff:culh See
t\wm‘g‘g&; Siwnata & qumr,, y7» Ké?-—(é‘!/ for o a(e}‘c.rn"ahlam_g{
_(gg‘:/ko‘t\,-g] w_very e(ejgw* l"chLn.‘%_\cf_,__(zixhﬁ_‘_\&MJ'—./dra(M—-
L K elimionation,” for -Fmd(.hj The inverse of A.

— Infe will Focvs on o Aiffecent “t"ec,Lln..‘guv_ o Jo'v.\«_n‘

Ax‘/‘/ -rlm-r iS5 common rn eeonomifcrs oL oolitice |

W~ :
Science, cellek Crommects ule " To  defme Ttu‘;(.

5e

A‘ r\wmﬁ’ iqowavef'. [ need T +alk érr.r‘eﬁfa_qtau-r oletermmants.

W,

= De{'ef’m MO\J‘! 4_; A 0{ gﬁmef £ vaﬁf Sf‘ma‘h + Bluhnc_ (L q

- ¥ e i e I !.- W 2 "q"\‘ﬁﬂu'_ ) 4 er e S
-~ Given o 2x2 MmAatrix Az_ (a.: Az Ly T’Lc.

detecmmant of A is  defmed as Oy Qpp = Q3 Apq e

= G'camerrrrc.a,”?, 'f‘_Ln () i"‘Le. GQre€ e of T’LL

trape 2ard foomed below. Note thet T’Z or

z Hdree 1S _Ferw

(“u,au,) 11?‘ exeac el iﬂA ein
=1 | [

-~

|

.l \\‘\\\ e soloi
W\

\¢

{

{

:

‘ q a
{ (A, *20) vectors of A

(-
£l

T T
H\\ [re i f'l.e,

]
Cd L]

n

_zﬁ_m_e__ﬁ'n.&'—'

wzma. r’ju,.; are /-huL[,__-d&,a.&mt{&z_b TA»J, e Aur.

2
a !Dv\i‘}‘/f et 4o soe r‘{é_‘n Tweo vectors [ {R are




1Yo

}1'»1_55. E {? _di,zem/em +. [_0 r (ovif<, ?’L, P S R 4 A

‘f':?!__'pﬂﬂ.f_Jﬂ?V Wd’ly s ) More aver, ik i tells vs how

; “close” 1o ;ﬂ ;nj /ﬂfl earl y_afafmx[ada‘,_té@_« i

:'F f’L a/e-r-ermmm* b‘F— A of c/arr. 1o 2€ro f'Aen

-rlw VECLIVrs  are o/aje 1o r/gﬂb_gulblﬂ‘f.

== er‘\rir_h;!jr-_uc_&&h_-&x_tﬁhd_ T"L;_Jf-ﬁ:h.?’ivh of Juw;n&_:m!

to An? nxn wmatrcery, .S'i‘-'H 9:_1.}:3 ut a  1Tést+ ai"_

!,‘nga fs z‘nwnr e

- Given A, Ain___nxn raafci X, #Ae, a’f-‘ﬁ?rm;naq-r uF A,

Jﬁ&noﬁd_—dﬂf_ﬁ_,__fw:- tA"". !')‘I:o{e'rr‘-:heaf_ o S -'&f/ow.r.

e il nen2 s de iAo, i _n2z,
we _need some  waore  notaflom Le+ A—J beo f-Lnel )

(n-r")x(n-l)ll matrix _obtamed Froam A L;, dele ting

T’ie !.f’l‘ [Dlar _amu{ U!'f’[' c.,ofyn-n. T.Llew s

_ . —
det A = 2 " (=) i de+ Al
sd=d ¢

= _(g','.-_dz-f Ay = 4, det Ajy + dzderPg =<

N term §

; f . | 3 - / 5 . )
The definihon . 5. Srecirsive ’ .',‘J‘n:'_‘m_.x_&_'{_Lujhj sensed, B

itefls  us detr A For mn=z; -T}fen Jae  Cllam vSL this 1o

F{}wr‘e ovt de+ A Hor n=2; s 'Flren n=Y, eud so on.
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— E__x_omrﬂ/e :

U

i)

f '.ﬂ”’ 4'5 &'} \ 0{,7’ QIJ
0134' ( A1 Qv % \ i o!e-f'/a ‘—‘1‘23 - A 5(e’+[a-

/

\41/ 410 453
A U
t Aa det / G )

G‘\?f ‘-1;1_/

o {‘4«1 A3 ‘5111‘1-?.) — ;9 (‘!:;“3;’030“-3)

H—
o+ _ﬁ_,g\/qqqzl'ﬂu.a”_

VA v
7

+A¢ de'lq‘ﬂr'Th‘OA’, we Fixed (=1 _and le+ J

In

between | _omd n.  In  facr, we

Any *’Af\haf o e Chun M!’ let
7 /7

/ Vﬁr? 'Fl"‘l."l'h [ +e M. J‘Fl}.){_w-ﬂ;rr_

i and defme

det A = _Z (-0 der Asy

and define

or weé  Limn ‘)C;')( P
-

der A = 2 Giy (')w a(e+ A..
=t

"WA?(L row _ of ()olvnmq xou ule [J fa{e/?

of convemience

Theoren,: et A=o Fff { (“'" ), {:‘_A_Hz :'é:)} (s

lf'ﬂeﬂr(;f o(e,pcma(enf.
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1Yz

= Example: | will e xpand 1This detenmmont a(ahj e

5’&(,;\,‘1 Co{VMb\ .

2 L 1o [ |
B 2 [} 1 R z 2 “f 3 '1 4
B det ) i = - I +0-0+ | 2 y
! o 2 2/ 1 I B 2.‘
3 | o 2 o |
} /
[ — =
z Y 2 2 3 “ 34
= - 3’37,‘4—,' J' + “q-.!;-_g "'1!7 ‘l.I

L]

= [3('~f'l7,)4—(é—7,)‘— + {*‘1 (9—‘1) + 2(6*)’)]

V]

24 =Y 20 -4

= -y,

{Lle.rc.wgre (gjzmm? ma gf,g‘l: s rm‘-f) TL veofw,;v

(.2

" 3); (I',U/O")’, (‘ilzfjfo)l (01'117'1')3 oNE /-‘\n@ﬂr/:?_

f‘nr[ﬂr&nt{gm'r

— Let's summarize

Some c?.w'valm_aer welve obtnimed. The

statemen I 'Kw' _&n mox A

‘F:b”ahn\flj are. E.%Uf\/ﬁ.’ﬂm"f

matrix A.

A—X 3;/ haJ & vm\zue Jalvh\on

QArn
N=m and r‘amlcfl,. ), .l, 1}‘!1.

i

@) The Sy $Hemn
for oll _yeR",

@

(3B)  The cellection

{{_E:“) (a,,, ]3 is o basis for

R"
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m A s (nvertible.

o

\J"-

N=nn -ﬂnﬁ( ,A'l#o»

- V\/‘qem 0\5’1!3 o-r -r'l-)e_:e CDAJu'h'OﬂJ ho."c’.if we Cﬁ“

A non-s-'nau!@r-

= [ale coam vie flse gletecm«‘gan-r to <O9nstrvct &

MPOLGH:C#\.[ me thed for f'nverf:'n} P non—.r;)aﬁufnr

matrix A. (.fee St 0a + @/vm&l fl?"l.)

- Meoce fmlaor-l-Qu-!-'Lj,. ’f)erl.a,#l, Tl\e,re. v Lﬂ_'l_&f;!l_n_e{, Cﬁ/(ee!

Cramer!s (?uJer $or ﬁudi,‘y the solvnvn _of Ax=zy

'EJr gn;, nan-sahjv[ur A. Let b_’,: Jean-& t"LQ nxwn

matix o_é_f:ﬁz‘ntof fromn A év;, i’c{:facfnj ')"Ae qlfll

Y ) =
Co(vm-l lvvr /é P /Lc-« fl\c, VAL G Ve J’d,vﬂ‘oﬁ T Axzy
4 T/n/ 0 , 7R
: AV T W -
P 3 W WD X, ), wheee Then X=X X ) ny % JA|
des 6i)?
X = :

C detr A 7

{ det B, det B> dert B,
(€. K= t desi det A , -, Je+r A L -

— el see l-LlrtL m F)mg#ﬂ_téﬂ‘f" rl.i.: method [rn'4

r,vconc+(;. pm'nfes.r. Lo+ i+ nice te ’uwe. o q{;}orﬂ"m

'Ebr c,.mfam\a_/q Solvtivons
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o —-Exwmf.(e _Solve o N
XKp +  Xq + _Xg ENe)
/ZX:, 27(1 o 3 2 =
3Ix, 4+ Txa + Xg =Y,
TAFJ iP5 A x =57 wt!e.rc-
i Y
L [c ]
A= v 72 -3 o y= | &
\3 ¥y “
S o1 ! voe ! e
§ l: 7 3 T 3 P
- } - =
X, = L aalics Lo il U Xp= 43 1= A
: 7 & s 7 > RURTE 2
(R [t | 1 \
E z-}l -3 v 2 -3
3.1 1 3 Y i S

We

IR -rt.rtx_ e

“Io &ewa';u-i'c,

(z+:z)—(r7,+‘i)+ (‘{z-s)

1Y =21 + Y472

=

3¢.
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o s -3]4171_] _ __/;,,-z')+/zo+8)=35.
5 7 -3 = | -4 |' [-v «| 7 5
Y 9o -
RN T £ 3 D L P T S
\'1 5 “3( = |- 13 = As- /#1207 J=-75
[ . S
|11 1 o [ . - | | \ = U
= r 7 L = 2
A I Y I V1 D G S

ﬂemﬁn’e; ¥ = (};-—’1,.!) i T’[te unr-cﬁ.vf, Salvtion,

((Lcc—"t ‘f"[.cul' R = &th”? J°,VY¢ f& J}f_f_f'hrhj)

2 (Jee Simoniy Blume, Ch. 12 )

pgt !

L/’] LTy 3.

— All _the ses +Zew}, = L&?r\ﬂnuh} of rhe

n
lovise «lnioch_r Wlﬂﬁm X:‘lR We cam defme an

n
nrd_t’_c,_ie.n_n_t&al Z, on IR ad

X ?.';/ F‘IC-F Vv;'sl.-.,n X

\WV

b

o

WLﬂn n=t,, T{n‘-l‘ (S T'Le VJva{ ‘?r‘tgfer-—'!’lmn——ur "?EU&’-W

r‘t’,{n'-h‘nn

= /n }gnen\!’ I+ 5 tramsilive, e, _Xa'y z 2 fw'P)c‘c-‘

X222, Un/:’k"- TL!c j}f(’gHr—-'f’Ann “0r -c.?)uox‘ = /&(A—ﬁ\oh o
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!R,, Lowt’-‘/Cr', (4 {d  no+ r.aml//af& That is, it ma.;
be T’é\a-f' né‘f'_‘t[\er

XZy Ner yZzX. To see rL.:;, talke

-

(z,’)efRLMd{ (f,z)éﬂzz, TLWJ’ we call =2 o fﬁf_‘ﬁﬁ‘
arﬂ(ef
= UJ”F” nad lower Lovnds zre defmed as Leﬁ:re, on P,

where we et Y SIR" god x onmd y

‘LL vectors,

7
fw;nrcmw..-. a:w.J [ht-dyn v a4 also _Le_ ofevqha‘gf ad

Lagre. Af"‘;""; f'lu_ szfJMU‘V"‘I L/Mn’ f‘ﬂ%lﬂqv‘m}mF bn, .r-ef

iP5 v a‘%lﬂ-.

—

A Je-gmc'— ) Aﬂ‘ﬁ-m(j Al Le,-ng—t, g n ‘.O.Lf-_?’

bet nowy
we et X, Xy, e, ‘Le.

Vecivrs in . ”? ;‘ 1"}1 a \..-; L Wi

chould write x' x% ete.  (Afe

coilt yre. it imdes e

vegmu nows Je IM.(xE? o{eno'f‘t A Jegu—cuu. ‘n I'Rn,

= (phve3@% e Jgg;gég aJ .‘L-Kort’-,. Luf

How vSe ”'”
instead of lo]: VY Erod K st YR 2K

[ x% — x|l <£.

- ‘WQ 0(01.&“*‘ Ujvé\”? 1‘9!”( ﬁLaV'f‘

O “ \\d @
l\ﬂcrtg.gl\r\‘} X = (ec reasivig

Sequences of veotvrd , rzﬁa?l onc cwi’.,P,, I.rvﬂg.-:,r_g

[ o
aﬂﬂb"l' tallc obovdt Il\’hl\ﬂ'F or /ﬂnﬁ!u’a in 1.2"

= ﬂu next 'rir’or'&vu\ makes _an :‘m‘;ar_f:am'i conaectnam

Lﬂﬁnf% Cnn mj L Cl

) //'E "

omdd C-a;\a_ﬁﬂ?f/?)&{_. in [R.
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— —_ ﬂ
= !kpnre-ml [ he Jegy%ce KX"D i IR converses

To X ,-"1(‘_1(" _ﬁr all F e a, <><'g‘> Cenverses

T X .

r

4]

- f)rmr‘g A F.t'rj-fr Sv'ﬂ‘laj e sz - X ‘n })2 4

MJ ,.a fcfc

@ . f
ﬁn}: 1y o‘mo{ JI}J‘.C,( a_m:; £ 7o S:nce X —)K, f’Aerc

s __seme K sviky f'LaJr kzK fm’afie.r Hxﬁ'-xh"f.

4
i, e.,
4

—\/(xf- « ) ¢ (xFox)res (xRox ) < €.

S‘r‘nc.e, ekc-L. 1€ rina in TA& Tg/y_gre reot /s Anon-

ne_gﬁ-five. . T'AFJ r}u,ﬂIFES -]\‘J (X%-X;)l < E',' or

: &zuf-vﬁléh','{ /X@ = X'j!<_£. ._ T_Af’rrg:ftr, Xf = XK.

i S

L
v’ : H : i 42
Now, suppore T'Ar.-f". e all 7, X:=2 X.. G

13

chow, that x —x,  tnke any €70. Since xf"-?xi'

-;’Apre_ (5 Some K'. svely ﬂg& 1?!‘.3 K:‘ f'm,ﬂ/fﬂi

!XF'-?(_. [ < ’E/’l}? S.:'m--'fnrfs., there s some Kg_" svcls

€ :
thet Rz K, «'Mp"‘cs /xf‘-'X,_" Nn, and so on,

L]

et < rr\ax,_f K.', '(a,, —--'K’.__'}. | C/MM T’L,@.f

k2 implies | xPox|<£. Note ot

I xF-x|

n

§ . 2 T
—\[(X?'XJ e (xox. ) #a (xFox O*®
(X, s (X, =%, ) (K= X,

< | €2 £
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- Propofﬁh‘om 4.8 (i) holds Jus'!‘ nd Le'ﬁ?rﬂi Let

x> % o fy‘ﬁ--"fv/ ond ler abell.  [hen

otxrz'-i—éyk —= G6X +Lly,

= TLe_ {rJrvu‘F vier 7'Ae' 'lamw‘o{u fje.arfm- /JE

72
X?L—>7< v ’Yﬁ_—-’!)' T'Lem X, '—9?<‘ and ,Y.ﬁ'—°)’_.-

gl:;l '!"1’\.@ Ora';:."nﬁ, '{)ro{)o};rh\)y\} ﬁxsﬁ'q_éfy’ﬂ - OLK,"'L,\é.
k. R

g}m:,ar[;l’. AX 5 + b M2 ax1+é;/: r._gm-f Jo on,

U.fr"h/r; -f"l»a f%eon’m Agﬂdﬂ‘.,. we Jee T'{\en_‘f“

axfily® - axilby.

|| heeiens

:.' oh
~ Prop Y.lo  still  hdls.

= A CM;L?.-JEgjfem;e s o/eﬁnuaf as ;'er-ﬁ:re, on_p. 5'.(,;
bot ysing ol Thea Lrpesiton Sl holds.

— A closed set s "L";./'"“"( ex«ong g on p.5]. A gubset

XEIR s open of  fur all veX vhere extsyr  E2o

sucl  rhas Bf_(x)g)(, whens

Be(x) = §yeR™ | lix-yll<€}

s T'AL a'.wh LWM of f‘a:.fr’v.l € ﬁmmcﬂ X

= TZle, pn—;fp.r-?"!?n an 'ﬂ}_? ST?‘/( Aa(/-f.
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A S U.é,.-fé_z_l.c&n Ce IS a(e-gyur_of JI Iu S+ af ée-ﬁn—: - ﬂ € 2

5.2, an p.51,  snill halds. A compact set is

defined exrnc,-i-fg ot behore.

_The Balzoamo- Weierstravss Thesrtr, on pbo,

Lontinves o be trve for all r/OJeJJ, bounded X'c-ﬂem

- 12N
H/n ctions on /R

—~ Like Fmernons fR-2R _ fimctvens fiR>IR

Cann Le. ?f‘mriﬁc_i. Lef-f'ﬂft/q 'ﬂ(u: Aar{%on“f‘n(

— —fla_auﬁ_cﬂ.r_en-& ‘f/u iﬁﬂﬂ_ﬂm of 'F, TAe ro.ﬂd

.fLau‘_’a{ jndicate o vertical Mﬁg_n;ﬂ;llt_e{L; f(x,.,.x‘),_
for eﬁ;r/L._ ,ozm._t-_(_zs.rz(;_)_ag T"u_ io{mne.;. ?_Ac.

9-«-«341“ of  F looks ddee the cvrface of o

7“0(:\"42«"\!;\94&\! OLJ;‘&C""-:

3 )gﬁm’_é of @ 'ch,ﬁ\:m

~ / ’f!ﬂzl->;[R éver~ one

Pt e T borrom
B 2 " Ol(nae.

WW/

\}?\W)O%/ e g, UnFoctunatels,

\ E\%M L J"Aoreﬁrn’oli.r Covky

\ :\)S\W / ba very defficolt

/\

E N
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PSsCcHHo3

- A MUGL simpfnr *reol'\ni%w (s ) a{raw f'Ae “/evef

sets " of f as 5./An°1‘i ofF IRL

- Given i X—=IR, define rhe level sed of f

TLroug,L X __as

fyeXt fo = f00 8.

Civew ﬂéﬂ, Adefine -rzm level se+ of -f atl a

“uJs

f xeX | 7C(><)=0L}.

(jom_aﬁ;nr’: [ M:‘JaLL.-l- uie 'l_"lua-f-tm ICon'f*ovr JP-t_.)

- |F 'F I’ —911? rlm level sets of ;)C will be

sibrets ofF IRZ LE  we 9:‘»\;?‘ o Ttew [evel

sets a'F ‘F M"( }ALQI T‘At.um W"T'L 1"/(& Vq/ve.

talce o !"/Y ')( o thoese Sets, we Chm get 4 gooef

J
fo{efv of TAe structvre o'P f-

- F:J/ T'LL ‘Fmoh\va [ WALQL atiar/ﬁ T’A.L /tv-f// fetrs

might [oole ke o

S

AN
S Sy

%N

h's
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________EX_C/_vaﬁ‘lf-f: e S

() Jlx,%y) = 3%, + 4%,

To Find the lecel ses of £ a4 A,

nete 'r-Lc"i' '/'.{X‘.'X_L) = A r"F'F

i 3
3x Y x, = iff  xg= Yo = o X,

/
/

N
N\ \ \ \ L_/-x_/' Ofﬁ‘;ra.m/ﬁ:?s sets of £

N

L A o o 1 .
v \*‘—\/ at 24

=

level set of £

) flx,x, ) = “‘1‘[(,\.—3)1-& (x,=4)"

Note that f(x, x)zo iff

(><,—331+ (¥,-4) = a®

FE (xe-)" = a®— (%,-=3)"

cFf Koo o= 2 \J At~ (x,-2)*

S xy = Y at(x-3)"
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p I
e ( o !

G"“G‘[f?l’\r\ﬂ_j’l TIIE. /é‘v"&{ Jet o'F ‘[ & +- 0\'. S

level se+t ]f

/ at+ 0

T
LN evel ser of £

”?K“'w/\;\/ at -2

v

Note: [+ eﬂi;f 1 Jee T‘[\c:-f 1’!\4‘1 Funcnren will

have cirevlar (evel sets e sou write (+ as

flx,, X, ) = = (xeux,)=¢3. 42l

.Co, _T’Z-e 'FVF‘IC.‘F')bn J;us-{- iji Anw 'Fﬂr (xf,x.a}

2y From  (3,4) (-h“me.r "r')- P rZ.e leve [

se 4 of ;F at —2 IS Ji.vlf' T"lu. fet of fpa;)‘!f}

at distance 2 Frowa (3,"!).

Mof‘e: ﬂ;: ‘[‘—mcﬂ:?a has o wmoximizer at (3,”)-

oié-(?,::)_

(1) (X, %)= X, X

|
Here, flx x,)=a [/ fF . S

P
L o
2 B L7 A N it Wi
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Noter Tha .s(arna of each leved se+ is negative

Mu‘ LACrCasliln & (Q(EC!'CMr:’t‘:; Lia e,;.l‘o(uf-c. Vd!_[v-c)

&t X MCréases

",n-r’u.'h'vt([u,. qu. level sets ot f  are (ke o

\\Cuh-hpvr moengd 4 g'F f’lu. nraoﬁ U'F f.
i ) [ [ 4 4

= /'\’W\v’ 'IC"\-(//]’WJ “. -




P5c o2 [

L. e ———————
- e - - SN RS PSS e —

o Note: ?_/_lu__sf_ap_e of _each level se+ s negative

o pad dac remej _— (....o/&c,!:c.ﬂ_ﬂ._r;ny.._,f.h abrolute va [we )

= &t Xl, mCr€ates

. ':__Lt..’l.YJLLTLJ‘_!L&[J?._,___LZ&_,_.__./_Ql./.ﬂ(. sets ot 7[ _are_ | ke e

“Contour rmep) N af 'f:lu. g’n‘h{i’z of ,‘I(‘

ld
- Sufn;w.fe f:R™ 2R is ysee +o represent rhe 'ore‘)cﬁ?r'ence_r

of o voter or Consemer, /e, f(x) > ‘;’l(;s") i x ea
é&f'h"f ‘I"Aﬂ/? 5 Tfrem we Call f a vﬁ'lfﬁi Fonernon —

[\ /

(F;:)r olw‘ou f‘ea:an:' Vd urv»\_L[_g_ v Ul' f‘nJ#eg_v( 916

- }C .N ) Lau/c -'ﬂjq a1 T’l\e ‘f@‘"ﬁ/ sets 51‘: J( _;)x‘ve: vt an

:‘a(c’a\ of T'A.e._ Confimer s Igreﬁf&v\c.e_r T/;e /EVE/ Jets

R of a  weils f*/y Funcnven arg_ caflled f'no/r'f:cefewcg cyrve s or

- ‘nd fference cantours .

= Whew _0=2 i x,x,)= X, t B xy oy, xa)= =M () =@,

{4

.
[
g

T

« «
o amd  ulx, X)) = X X arc__,a_yf,_'cﬁ/ e)cmrp/c.r of vt /;f—; B
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i
it

r = ,4,Ev.c/fo(u\»\ ﬂm-./;accnce.n. _ore vied o F&f)r’&)‘enrl’ Pf-e_),[{t,‘ent,&f

15y

.-!:vn(,rfonS. More 96—&461‘&”7, F:Xl\/lj X,, A, - L, GIR)

u (X1, Xe - xh): Ky X, + Ay X, T-0 + Ap Xy,

( linear pre Ferfrncer)

Uu (x‘/ Xy -~ xhl) = "‘// (xl/x,_.. xﬂ)_ (d(,o<7_... ’(,,)“
( Evclidean prefereucu>

- [N oLy ol
M(X,,Xl, S Xn) - x, XL - X

w

(C—__._o__LL— Davg/aj {prfferevlu.l )

When o,y Kk, 7O, [inear  omd Coblh- DOVJ"‘}
preferemces ore often vsed to represear The prefertmees
of Consuvmers over Consumption levels °‘F N Commodties
- ,L\Qrt, sl rAa [evel of consimpon of he J'fé
Commoa(('f‘)/. TAQ vecto, (X,, Xoq--- xh) s Tl-u’,—\ called

o &onx_a,w,’/)n.\an. Lmﬂe . or J_/w-/,/p !vni/e.

of voters _w,ée,,‘ X; represeats FAe amovnt of a Fxed
féEsevrce ( TAe 'Fed’.em/ évo{ye-r, ’f‘;r c;ww«p/e ) 4//0c4,‘f‘(:‘d( to
Some acriv,'fy _(nah‘o,m/ o(efenre, for e)cm/w/)/e ) O x;

2

Mmay ACef;r_:c.re,m-fA_c\ nroee ,zw»/;%ﬁ'v_e_ _chrc‘cf-e.f'fIﬁ'c o_‘F

,_p.,/l‘c7 ovfcovne s ! I+ Mmay measure how Llecal = /)c./.‘u/

vl.-(, or.. Ao,w_ _mora_(, _or _Aow .,eﬂwi.fonmenm//? Jowﬂ.c[,

etc, Hem/ rAe ConSvmrer -merh"c /ml.‘c// or 1‘o{ea,l

Fw'r.\'f-, 'S (0(,, Ko - -(n).

————
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FSC Yo 2

= TA/Q W‘oo(l/l w"}'L Evc_lio‘.ea/h /)/’€7Q-/‘Cflc£! rs 0761"6;«\

/’cfe,—/—zo( 1o q;' f/\.c J‘pnf)'ﬁ{ Moolcl,

— A foeron fIRTR s lmear if, fr all
a,bel oamd all x,yé//Zj )[(MH—57>= af(X)-f-laf(,v),

= 8f€q[u\qj fA.‘J fntv  two ports, 7[ iJ /Méﬁr /"F

() flax) = afix)
(i Flxryd = £0x) + £0y).

o d

- rofoh"f?ba\" ]Ei//?h"’lk 5 Inear ",‘F omd on/y f')c
thone exists a=(4,,ql—--«,,)€IR" svch r[la+, o all xe/}?‘:

ftx)= a-x.

—

= Proof LU omit +.Ae, & direcniyn, Jo. prove =2,

Cohn ,;.;G_, a.ny /r.hm/: chﬂ_‘an f /::Jr eq\c._l\ vt ,Cr,oD.!‘G/rlf.r.:\IC
vector €Y, defme a: %...)C(c:"). A clatw that
a=(a,, a4, ~-a,), so-defived, Fulfills the propostion.

B/QC 442 X=(7<:,"<z'?'-"n)c‘”2‘j oond note n{u@_

Xx= X, €' + x, e F r x, e,

Then
7[(><) = {(x:el.f xpettot x"e‘n>
x, f(e') + x,f(e*) ¢+ + %, f(e")

x,a, + Xzﬂll+ o X, 4,

n

|
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= Xea,

0/4 I‘Meo/.

as

— What do the contour sets of 4 lwear Fomcpon
look ke 7 When n-=2, seppose f(x) = a-x,
e a=(a,,a,), Then  the level set at Zero
s Aehned 47 . eguallon ](,(K) o, .,

A, X, 1+, X =0

Oy

/,\ jenem (,, T’L /€V€// se+ at ¢ "5 3"‘v€/.4n , ;7
s_ N
X i = a'['- Ay x' e
3R 42

N

leve| set at 9,
ope - - %

N ’e\/\cl Jet a-t Zero,

slope = -2 .=

a, 3

J
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- Note —f’l'\odv T'Ae /evc/ Se+ at Bero ;s
/lffemo(;Ct/(Ar +o A . 771aT(J no furpnlfe, Lec‘xv.:c

/1t Consists D'F T'Lle VecrTvors X SVC/I'\ T’[Laf‘ a-XxX o,

= /m ﬂ&ne/'q(, flle /eve/ Se+ at wero 13 rA« ;v!rf«C¢

@F o(f\menn‘on ﬂ—l> OPT’layonq/ +o fb'—'—(q, s A )

— Note T'l\a'f’ the level sets oF & [vear Fonchon

fiRT> MR are parallel — r’[u? are all per/eno//cu/ar

s T /n 76m€ra/, i T L{evmf‘e: 1"[11 /e./e/ setr a+t

Zero, T’Aen Z s a /eve\/ set of F iF and
only iF There s some xeR7 sucl  that

Z={vex[yeYs.

(-///n‘.r Set 3 SpmeTiney oL(’/vuoI‘Co( Y*'x.)

- A Laenon 7[//2"—-»/?6 fs o affme of Z’Aerc s rfome

celR sucl tat Flxy+a i+ linear.

) Tﬂ/cc o //hc:r\r- 'g\«cﬂv-« /[f //Zn—>//2 0&%/1/«/ . !7

f(x)za.x/ cand TA‘/;/C qéouf‘ f'[\f-'i Wha+ vector
Y  maximizers 7[ on e ser  {relR™ ) ll‘tll:l}?

/157
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|
= 71\4 OMIIEC (S ([-;7( A, Lq-fer on, we w A Co\M o
'f/lu ﬂrnu(/u»-. Foof 7£, amel  we hove J\"If Jeen i T'[\-‘-
7(Ag(g:ep,f— ,‘,lp{.‘c:\x&; T/u_ a[frec‘n‘om g WA;‘OZ\ 7[ /s
/\Ac/-eaffn} 7—£—L "/;U'rff?".

= (/\/[‘3 T’L"J M.:W? G‘ive», Ay %é//’zj‘W"'/% '//%//‘(/
M /Owoc./

fle)=a-=z = jJay 2l cos. = laf cosx.

TA:‘} (J /MAKI‘M[%CG( l—-/l‘-b‘« o =0 or z /701\1‘#,]‘ A

/

f[\x Soome  dircenon as A
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f5C o3

't;{
i
)i

(I

N ﬂ\t. oMmvEr (S
e gondecnt of £,
.?_ﬂ.&a&:ﬂh‘f ;/.‘4 ceales  Tha directon . M w/\/.‘all 7[1 rr

,,_/,Mcreaff.ry, TA.L ﬁlfﬁff.

f(2)=a=

fan -

1"| T 7:- i3 m a.zs,_haizcaﬂ_m ldl\b*\_ A=0__

f[u._ Sovwn e J.ir.-c,onbn,,,,a.f,,_ A .

Lq-fer on, we A

cal

Hhos

2. /Zom:t.r__,f‘A

y ___5__!-rrc+ _c.on.ve,x{_r-:? ar.c”,_ma;iff_.-o_, /aﬁne;/.._,a.r,, on _,._f..&,_"lf. S

o _fn.e._?v__‘@l_[_ty“wﬁ.c all Ki‘)’ mu(,, 9.(6.(91_!.). o Co.n v_ex_.‘f—‘») M/

. O\Mo{ we . ,Ao\\l_‘b J‘,\l—(f' Jeen T’[\.L

faj |2l cose. = laf cosw.

_— (A//‘Z flvi amsnrta 7 Given . - %GJ/Zj w-‘r/% M El=t,

~=
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L _tencep fs.

" Re{m‘c«/ o 77/»& "7(.6% of a leve| set are fAe ﬁ/’owﬁng

o _;__.____M;aﬁ_ét,l,c_«_ip’/z,e,_c, Contovr { xeR" | fx)z2al -
P .58t at. o~ =, e
_weak _lower contuer { xeR" l -F(X)ég} ; =
Set _at & = o
o= A Function | fUR" =R is  quesi-concave if, Foc all xyeR™.
Voo And el e €Ben],  flotxs Gzxdy) 2 mind Fx), FCGDF . A
s Gumeiz Con

vex . i floxeci-a)y) & max §H0x), Fry)f.

. —  You cean_ check +het. guasi-concavity Vs .L;_ui_v_«almt_'td__ “eonvex”
This =

- a n
P weale vpper contovr setu, /:€-, SF Y SIRT s rAe ~veal vpper ; SR
wmi
j{ﬂm‘e;w _contovr _ret _at a4, and X G,C,‘?(.’,J §
he 57

rﬁ»M‘ S

S SRS ¥ 13 SV S, A A5 PO SIS

i

W\ L/ I i
= The_ ﬂfe,{aﬂl'hb_z\,{.,of L.Q,«,nalea(,,,a!_o‘v_.c, ' i L vnded Le,[o;./, ' and
“bounded “ ace st as on pCS-



SIAIO QNN BUTBL BB BB BT 4 AIR R DDIRN IR HBRRBHH IR RINNITRRDLANDN QR DD D BBBRRH RN BN OB

L PR R RN RN bl
3
1o

S~ :l: _Q‘_ﬁ_(e_ﬁ\m',ﬂ‘_o.b_a.f__;,.d____Lh_Mr}:!_f_f:gc‘,_ .«_kw(__m Mmsrzer IS &4 _On L

== f_‘f S S

CIR _f_i_?s_,,:’_ﬁz,_;mg(_, x_e__)_’{.,_ J[_ £ Cont Aysvs at x

GvVEQ\._
. for every fegveace. __<_KE? dn X _convery g to o x,

e
f,.(.‘ .)_ It tr cen tiave vr _z'_‘}{\

7 -__"”)T_ e e f(xﬁ‘) '-BYK __(E..Ka.c 1:.!_9 LS _an

it 15 contiavous at every xe X.

1 heort’m-._ 8 1 (cam ‘Dud}‘tmj,_o{: c.onfjh_ua_u..l_{vncﬂ‘ou Are

J 1*\eof—fm\_J_J_Z.___.(_Camf_aje._ﬁ_‘?ﬂJ_ of comtmvous

_ ___c_ontaiuaw_) tnd

 _Fuenvas are _c:an_tin_mu_r__)_._.umg..... over 4o fiR"»R.
= — So do___ s 1.9 (r"ﬂf'ermeof(&al}c Vs 1@% ‘)/ Lt ;_ﬂﬂ-u(_ -

S 'r{u-')gﬂoy‘v Cd.r‘o“ﬂQ;J_C%T!h.VJ_kL_f{_;._h_c"l"l_m!l.:f-_vm CGMfﬂ.cT Je.‘_f_'{..._l"_!&!!ﬂe._._ -

MAXimizecs _amd mfnim:'_zea_)._

x E'Z__G_E_C:m.'!‘.!f.ﬁ_dl-‘.__..QQQ.V.-‘_»’.-!T..'.‘CJ‘. S o MY SH ) x_h-'_’ ~ ﬂ-ﬂ-‘{,'ﬁw =)

—e— e, _WQ J“‘?_ A
i b, xFEx.  (Arew p10) I

xe X, f:r X ’fR i J?C:Cermﬁalfc- At
-fvv[\ -rL..-r

__—;Gagm__x_%_ e f\__ o

fin Gﬂ\om_j R s

X E.'F._-_ -x:ée.re,_ i a  lineac
_ fer ..Qlﬁ.&mg_!_f_?.!&ncrl‘- <.A,§> ﬁ!ﬁn:f;vaﬂ_j_ Qﬂ_n_ze.r:?.lhj. Fo Qe

{iR>W

N B
ﬁ"ét ..Mgf*f:,m‘ff | Fxe Lﬁ)—- ftx) - 3,(_5?)_’________. A —
“t” o L e

QY

5? _earlier _result,
S | G.IR. - J'.u.&.L _i'Lm t, _Tor —Lvery __J,e.g.a.e:n ce Ch F‘_.Z._E_vem T.T.".h”p .bo.a.ﬁeﬂ:j_l;b__ -

_te 0, e

Hmu Y~ £~ a-l lf‘]
I LR

__y.o

fz R B .. 3_;/5 val cgn_t,._-tu_:_fﬁer_e_t-.m..:i,.f,:x__ I
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T O L T L P T LU PP P FE BRI e N TN o
FPINAENBH OB L L GHL RN el o RN hERnLnU bbb el

= n thes de finifion, . we_ _can think of there !em,j
an_affre _HFoneton  GLIR =R defiied 4_9_

. ) w./:_e.fa . 9 _iS 'f’A e.. _/.l_‘n_e;e\_r:____fzm_f(_ﬂloﬁz\ _V.4,,_a40_x_€.- . / Ola\n—\ tAa

e Gly) E 2900 £.9.0y).

3-:«()14___-_!-' G ir tMyEn.-{__T_n _f'é\e..._jrrt-/‘,,_ of ,...f,mu X .

L Hat 6(x) =X, oamd, Hfor __all | ﬁ‘_:>__9.,_m,_4_ e

-j Fis+b) = Fo0 - gh®*) |

kR

= L xab®) Fr0r 900 - g (x4 )]

I b

R FT R R
o I Bt
. B I, .. X &/ .
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FICc 4o3

S TL\Q ) _[_i.n_e_mr,. _f‘,_un etlion. . ‘9»'//2'\_—%]7'( s _called rhe e o
ao(erivu_'ﬁve of 7(:.,_4:!‘. e R . e

~  We will Soon  see  that _the veeror aelR® Jo_-FV\MJ 9 L
_lmx____ A . Famifia.r, Foca. -

=. K(’ca(/ *A@-{- 7( /R “’lR we _could _think oFf _the . o

_ decivaTive a.s____r_“l\s____s(ap_c.___a.)f the qmph of £ Whew
iR >R o  f:R"- 2R, of covrse _tél_rifaftﬂ._a:; R ~

1‘ll &, ynn/JL " _Jd_d' __.o.le..ﬂ(’—,zwﬁ_a‘nﬁm__lx‘e,_ _-a(t_f__e_c_‘{lo_n_)m_u________ S —

JMij . o B o . e

- _G,ven 7( !JZ UK xelR j_.wiieﬁ? m# Itl=), defive the
. RH.Cﬁ%.n. — 8 »!R:NR }'y__._ e - g

R gg_m"—- Flxrwe)

We 500 ]C N . J_f:)gﬁﬂmh"h,‘sfa__u'l'_x_m _a(t‘tf_cn\nu ; p I
9 IS Jt_ﬁfeccﬂﬂ:s.u_e._ at o.  The dicecromal derivative
at x i~ dorecton tic e —

D ft9- Daw)

= n fwhvcv/_ﬁ, _Span {3 is rhe lime +h rw;l. O amd t, e -

_can  Fhink of ).C, cesteveted 1o _Z['_Ls‘.,t__j_rne, AL i _ —

- s _____fv_ng_ﬁ'_e.n__,__qf‘ real _n um.Lq.-.J..___Ih.e._._o[j.man_‘zn&(  derivative is

jv)'f‘___'f’llc _derivarive _of f,.._rCIrra*ath__h_ _‘El.u:_Lf'zm. A

k
- Given o _unit_ goora(haaf"c vectee €, Af/\c o(env:,.h\he of 1’» at_x

in ,,,,fl-;e, direcrion V,Qﬁ,',, -2 CSL'/",(K),»,,, as e speclalf.
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